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ABSTRACT
Proposals are made to describe the Weyl scaling transformation laws of
supercovariant derivatives ∇A, the torsion supertensors TABC , and curvature
supertensors RAB c
d in 10D superspaces. Starting from the proposal that an
unconstrained supergravity prepotential for the 11D, N = 1 theory is described
by a scalar superfield, considerations for supergravity prepotentials in the 10D
theories are enumerated. We derive infinitesimal 10D superspace Weyl trans-
formation laws and discover ten possible 10D, N = 1 superfield supergravity
prepotentials. The first identification of all off-shell ten dimensional superge-
ometrical Weyl field strength tensors, constructed from respective torsions, is
presented.
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1 Introduction
The first explicit discussions in the literature on the topic of Weyl symmetry in superspace were
initiated among the works in [1,2] by Howe et al.. The subject of the interplay between conformal
symmetry and the constraints of superspace descriptions of Poincare´ supergravity, has long been
of fascination to one of the authors [3,4,5,6,7]. Of course, numbers of other authors have also
pursued this subject. A special area of these considerations involves the context of 11D, N = 1
superspace [8,9] related to M-Theory [10]. After its beginning, a literature (e.g. [11,12,13,14,15,16,
17,18,19]) has been built up including discussions in superspace and also at the level of component
fields. These are but a small selection and the interested readers should look at the references in
these works for a more complete listing of such works.
Near the end of a 1996 investigation [20], the following paragraph can be found.
For although we believe our observation is important, we know of at least two argu-
ments that suggest that there must exist at least one other tensor superfield that will be
required to have a completely off-shell formalism. This is to be expected even from the
structure of the non-minimal 4D, N = 1 supergravity. There it is known that there are
three algebraically independent tensors Wαβ γ, Ga and Tα, so apparently it remains to
find the eleven dimensional analog of the Ga. In future works, these aspects of the eleven
dimensional theory will require further study.
From our present perspective, the “strong form” of the constraints given in a 2000 work by Ced-
erwall, Gran, Nielsen, and Nilsson [12], appears to provide the solution of our 1996 dilemma.
These authors introduced a dimension zero tensor X[5]
b that, from our present understanding, is
the missing analog to the 4D, N = 1 Ga-tensor.
In the work of [21], an analysis based on prepotential superfields was undertaken regarding the
scale compensating superfield Ψ and conformal semi-prepotential Ĥα
a. It was shown these play an
interesting role with respect to the emergence of Weyl scaling covariance in 11D, N = 1 superspace.
Three key points were noted in this context:
(a.) When a sufficiency of conventional constraints are imposed upon the 11D, N = 1
Poincare´ superspace supergravity covariant derivative operators (∇α,∇a) so that Ψ
and Ĥα
a are the only independent superfields within them, a spinorial connection
field J α(+) (for Weyl scaling in superspace) emerges among the dimension one-half
Poincare´ supergravity supertensor components.
(b.) The sufficiency of conventional constraints that leads to the existence of J α(+) is
also sufficient to lead to the emergence of a vectorial connection field J a(+) for
Weyl scaling in superspace.
(c.) The existence of Jα(+) and Ja(+) together with the existence of the superspace su-
pergravity covariant derivative operators (∇α,∇a) imply the existence of modified
supergravity covariant derivative operators (∇̂α, ∇̂a) that transform covariantly with
respect to Weyl scaling.
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In fact, precisely these three points are at the foundation of a paper written in 1991 within the
context of 10D, N = 1 superspace [7].
As the focus of this analysis is the modified supergravity covariant derivative operators (and
their related field strengths, Bianchi identities, etc.), this approach is mute on implications for the
superfields needed to construct the superframe superfields. This is true for most of the citations
among [1] - [19] as they are not focused upon the superfield variables that are “inside” of (∇α,
∇a), i. e. the prepotentials.
We will make an observation about the relation of the 11D, N = 1 Nordstro¨m theory and
the infinitesimal super Weyl transformation laws of the complete non-linear Poincare´ superspace
supergravity derivatives (∇α, ∇a) as motivating a pathway for the derivation of similar results in all
ten dimensional superspaces. Inspired by the success of relating the emergence of Weyl symmetry
in 11D, N = 1 superspace, together with our recent studies of supergravity in eleven and ten
dimensions [22,23,24,25], we are motivated to extend the discussion and results of [21] into the
domain of all ten dimensional supergravity theories in superspace. This is one purpose of this paper.
However, we also wish to push beyond this boundary.
In our recent works of [23,24,25], we developed algorithmically based techniques that permit
the investigation of the component field contents of possible supergravity (SG) prepotentials. This
is a capacity that never before existed in the context of high dimensional superfield SG theories.
Based on an assumption about the 11D, N = 1 SG prepotential superfield, this allows us to identify
candidate 10D, N = 1 superfields that are most likely the 10D, N = 1 SG prepotential superfield
and four additional 10D, N = 1 superfields that are the most likely candidates to describe the
matter gravitino multiplet prepotential required to formulate Type-II theories. Identifying such
candidate prepotentials is the other purpose of this work.
4
2 Review of 11D,N = 1 Supergravity Derivatives & Scale Transformations
The spinorial 11D frame operator may be parametrized in the following equations4 ,
Eα = Ψ
1/2
[
exp
(
1
2Aa bγa b
) ]
α
β
[
N βγ
] [
Dγ + Ĥγ
b ∂b
]
,
N αβ ≡
[
I + Aaγa + 13!A[3]γ[3] +
1
4!A[4]γ[4] +
1
5!A[5]γ[5]
]
α
β ,
(2.1)
where Ψ is the “scale compensator,” Aa b is the “Lorentz compensator,” N αβ is a “coset factor,”
and Ĥβ
b is the “conformal graviton semi-prepotential.” The parametrization of N αβ shown in (2.1)
is strongly dependent on the dimensionality of the superspace. For example, in simple supergravity
theory in two dimensions5 , only the first two terms are present [29].
A slightly different, but equivalent parametrization was introduced in a previous work [30].
Without loss of generality, a slightly different semi-prepotential can be written in the form
Ĥβ
b = Hβ
b − 1D ( γbγd )βδ Hδd , (2.2)
where D = 11 for this eleven dimensional case. This also implies there is a local symmetry of the
form
Hβ
b → Hβb + (γb)βαΛα , (2.3)
that applies to (2.2).
All previous experience in superspace supergravity implies the vectorial 11D frame operator Ea,
the spinorial spin connection ωα cd, and the vectorial spin connection ωa cd must be determined in
terms of the content of the spinorial 11D frame field. This is done by the imposition of “conventional
constraints” on the torsion and curvature supertensors defined in (2.5). However, as first noted in
the work [29], “conventional constraints” must also be imposed to determine N αβ solely in terms
of Hβ
b, but totally independent of Ψ. This has powerful implications for constraints in superfield
supergravity.
A Poincare´ supergeometry of the 11D theory demands the introduction of superspace super-
gravity covariant derivatives ∇α and ∇a defined by
∇α = Eα + 12 ωαdeMed ,
∇a = Ea + 12 ωa deMed .
(2.4)
Upon calculating the graded commutator of these leads to superspace torsions and curvatures
according to,
[∇α , ∇β } = Tαβc∇c + Tαβγ∇γ + 12Rαβ deMed ,
[∇α , ∇b } = Tαbc∇c + Tαbγ∇γ + 12Rαb deMed ,
[∇a , ∇b } = Tabc∇c + Tabγ∇γ + 12Rab deMed .
(2.5)
4 Roughly speaking, this is the superspace supergravity equivalent to the ADM [26,27,28] formulation but for
the spinorial superframe.
5 To our knowledge, the case of D = 2 is the only one in existence where the dependence [29] of Nαβ on
Hα
a has been explicitly presented. However, other complete solutions for constaints implicitly contain such
information.
5
Based on an analysis of constraints for the 11D vielbein, the work in [21] concluded the set
i 132 (γa)
αβ Tαβ
b = δa
b , (γa)
αβ Tαβ
γ = 0 ,
Tα [de] − 255 (γde)αγ Tγbb = 0 , (γa)αβ Rαβde = 0 ,
(γabcde)
αβ Tαβ
e = 0 , (γ[abcde|)αβ Tαβ |f ] = 0 ,
(γab)
αβ Tαβ
b = 0 , (γ[ab|)αβ Tαβ |c] = 0 ,
(2.6)
can be enforced without implying any dynamical consequences on the components fields that re-
main with the vielbein. The first two constraints in (2.6) ensure that the graviton and gravitino,
respectively, that appear at first order in the θ-expansion of in ∇α are identified with the self-same
fields that appear at zeroth order in∇a. The next two constraints have the same effects by removing
the Lorentz connection of the theory (as an independent variable), and defining it in terms of the
anholonomy associated with the component frame field. These second two constraints of (2.6) also
ensure that the spin-connection that appears at first order in the θ-expansion of in ∇α is identified
with the self-same field appearing at zeroth order in ∇a. The last four constraints in (2.6) remove
all the superfields that appear in N αβ as independent quantities and makes them non-trivially de-
pendent only on Hα
a. It is directly possible to prove at the linearized order. However, beyond this
order the process is expected to be horribly non-linear as in the 2D, N = 1 supergravity theory.
Recent calculations [24] inspired by adinkras have yielded IT-based techniques providing un-
precedented access to the component field composition of superfields in 11D. Based on this, we have
proposed the set of constraints above may be strengthened by the replacement as indicated below,
i 132 (γa)
αβ Tαβ
b = δa
b , (γa)
αβ Tαβ
γ = 0 ,
Tα [de] − 255 (γde)αγ Tγbb = 0 , (γa)αβ Rαβde = 0 ,
(γabcde)
αβ Tαβ
e = 0 , (γ[abcde|)αβ Tαβ |f ] = 0 ,
(γab)
αβ Tαβ
c = 0 ,
(2.7)
as this set, “CGNN constraints” [12], is consistent with the choice of a scalar superfield V as the
supergravity prepotential. This implies the superfunction Hβ
c = Hβ
c(V) must admit a functional
dependence that satisfies this equation. This functional dependence must involve fifteen powers of
Dα acting on V .
A solution to (2.7) is provided by making the “shift” Ψ → 1 + Ψ (Euqations (12) and (18)
in [21]) so that
∇α = Dα + 12 Ψ Dα +
1
10 (DβΨ)(γ
de)α
βMde ,
∇a = ∂a + Ψ ∂a + i 14 (γa)αβ (DαΨ) Dβ +
1
5 (∂cΨ)Mac
+ i 1160 (γ
de
a )
αβ (DαDβΨ)Mde ,
(2.8)
where Ψ in (2.8) is an infinitesimal superfield and we set the superfield Hβ
c = 0. It should also be
noted we can regard the supervector fields here as describing a Nordstro¨m supergravity theory as
in our previous work [22], although we used a different set of constraints in [22].
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In turn, (2.8) suggests the definition of a set of Weyl scaling transformations of the full superspace
covariant derivatives given by
δS∇α = 12 L∇α +
1
10 (∇βL)(γde)αβMde ,
δS∇a = L∇a + i 14 (γa)αβ (∇αL)∇β +
1
5 (∇cL)Mac
+ i 1160 (γ
de
a )
αβ (∇α∇βL)Mde .
(2.9)
In the results shown in (2.9), the superspace covariant derivatives ∇α and ∇a are “full” superspace
covariant derivatives where the only remaining independent superfield variables are Ψ and Hβ
c(V).
It should be noted there is a lesson to learn from (2.8) and (2.9). A set of full Weyl scale
transformation laws on the superspace supergravity supercovariant derivative operators can be
obtained by starting from the formulation of a Nordstro¨m superspace supergravity theory, acting
with a superspace scaling operation δS on the Nordstro¨m scalar field in the theory, calling δSΨ = L,
and finally replaces all “bare” derivative operators by full superspace supergravity supercovariant
derivative operators.
In turn this implies we are able to analyze the Weyl scaling properties of all the superspace
torsion and curvature supertensors with engineering dimensions of less than three-halves to find,
δSTαβ
c = 0 , (2.10)
δSTαβ
γ = 12LTαβ
γ − i14 Tαβc (γc)δγ (∇δL) +
1
2 (∇(αL) δβ)γ
+ 120(∇δL) (γ[2])(αδ (γ[2])β)γ ,
(2.11)
δSTαb
c = 12LTαb
c − i14 (γb)γδ (∇γL)Tαδc + (∇αL) δbc
+ 15 (∇γL) (γbc)αγ ,
(2.12)
δSTαb
γ = LTαb
γ − i14 (γb)δ (∇δL)Tαγ − i
1
4 Tαb
c (γc)
δγ (∇δL)
− 12 (∇bL) δαγ −
1
10 (∇dL) (γbd)αγ
+ i14 (γb)
δγ (∇α∇δL) − i 1320 (γbde)δ (∇δ∇L) (γde)αγ ,
(2.13)
δSTab
c = LTab
c + i14(γ[a|)
δ (∇δL)T|b]c + 65 (∇[a|L) δ|b]c
+ i 140 (γab
c)δ(∇δ∇L) ,
(2.14)
δSRαβ
de = LRαβ
de + 15 Tαβ
[d (∇e]L) + 15 Tαβδ (∇γL) (γde)δγ
− 15(∇(α|∇γL) (γde)|β)γ + i
1
80 Tαβ
c(γc
de)δ (∇δ∇L) .
(2.15)
The constraints on the last three lines of (2.7) have a solution given by [12]6
Tαβ
c = i (γc)αβ + i
1
32 · 5! (γ
b1 ··· b5)αβXb1 ··· b5
c , Xabcde
e = X [abcdef ] = 0 , (2.16)
6 The first indication of the need for modification to the superspace torsion proportional to γ/σ matrices was
noted in 1983 [35] in the context of 4D, N > 4 conformal supergravity in superspace.
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where Xa1 ··· a5
b ≡ i (γa1 ··· a5)αβ Tαβb alternatively7 . The expression of Tαβc may be substituted in
(2.11) and (2.12). Contraction of the β and γ indices in the former and the b and c indices in the
latter yields respectively
δSTαβ
β = 12LTαβ
β − i 14
[
i (γc)αβ + i
1
32 · 5! (γ
b1 ··· b5)αβXb1 ··· b5
c
]
(γc)
δβ (∇δL)
+ 12 (∇(αL) δβ)β +
1
20(∇δL) (γ[2])(αδ (γ[2])β)β
= 12LTαβ
β + 14 (γ
c)αβ (γc)
δβ (∇δL) + 12 (∇(αL) δβ)β
+ 120(∇δL) (γ[2])(αδ (γ[2])β)β
= 12LTαβ
β + 334 (∇αL) ,
(2.17)
δSTαb
b = 12LTαb
b + 14 (γb)
γδ (∇γL)
[
(γb)αδ +
1
32 · 5! (γ
b1 ··· b5)αδXb1 ··· b5
b
]
+ (∇αL) δbb
= 12LTαb
b + 14 (γb)
γδ (∇γL) (γb)αδ + (∇αL) δbb
= 12LTαb
b + 334 (∇αL) .
(2.18)
The equation in the final portion of the results shown in (2.16) is responsible for the disappearance
of the X-tensors from the second lines in (2.17) and (2.18).
If we make the definitions
J α(1) = 433 Tαββ , J α(2) =
4
33 Tαb
b , (2.19)
then we see
δS J α(1) = 12LJ α(1) + (∇αL) , δS J α(2) =
1
2LJ α(2) + (∇αL) . (2.20)
Upon changing basis for these superfields by defining
J α(±) = 12
[J α(1) ± J α(2) ] , (2.21)
we observe that
δS J α(+) = 12LJ α(+) + (∇αL) , δS J α(−) =
1
2LJ α(−) . (2.22)
While J α(−) transforms like a scale covariant tensor of weight 12 , the quantity J α(+) transforms
with a scale weight of 12 while being a spinorial gauge connection under a scaling transformation!
The work of [20] indicated that such a dimension one-half supertorsion tensor was required for an
off-shell description of 11D, N = 1 Poincare´ supergravity.
According to the analysis in [21], there is also necessarily an engineering dimension one super-
field Wabcd with Weyl weight one (i.e. δSWabcd = LWabcd) defined by8
Wabcd ≡ 132
[
(γeγabcd)γ
α Tα e
γ + i 114 (γabcd)
αβ
(∇αJ β(+) − 23220 J α(+) J β(+) ) ] , (2.23)
7 Notice that the normalization of the X[5]
b differs by a factor of 32 with that in the work of [21], i.e. the
factor 132 is put in Equation (2.16) instead of the definition of X[5]
b.
8 Notice that the Weyl tensor Wabcd here differs by an overall factor of i with that in the work of [21]. It is
because in our convention here, all γ-matrices are real, while in [21], (γ[1])αβ is real but (γ
[4])αβ is imaginary.
Thus Wabcd is real in both cases.
8
and which contains all the on-shell degrees of freedom. In particular, the lowest order term in this
superfield (i.e. setting θ = 0) is the supercovariantized field strength of the component level 3-form
gauge field. Moreover, the 11D supercovarinatized Weyl-gravitino field strength is contained at the
first order in the θ-expansion, and the supercovariantized Weyl tensor of the 11D bosonic spacetime
is contained at the second order in the θ-expansion of Wabcd.
Thus, we conclude the most likely path forward for an off-shell 11D, N = 1 superspace super-
gravity theory must be the construction, as we suspected in 1996, on the basis of three superfields
now known to be Wabcd, Xa1···a5b, and J α. The ultimate deepest reason to expect this decomposi-
tion is the structure of gravity itself. When one considers the Riemann Tensor of ordinary gravity
(which must be embedded within any supergravity theory), it can be decomposed into the:
(a.) Weyl,
(b.) Ricci, and
(c.) Scalar Curvature
portions. In our opinion, any superspace construction that ignores this tripartite division is unlikely
to be adequate.
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3 Supergravity Derivatives & Scale Transformations in 10D
The content of the previous chapter about the superspace supergravity supercovariant deriva-
tives ∇A = (∇α, ∇a), the torsion supertensors TABC , and curvature supertensors RAB cd can be
directly used to derive similar results for the superspaces associated with Type-IIA and and Type-I
superstring theories. However, there is much more efficient and rapid way in this can be done. This
alternative route is also directly applicable to the Type-IIB case. So rather than going the route of
the dimensional reduction of these geometrical quantities, we choose to take a less obvious pathway.
The bottom line message from the last chapter is that the scalar compensator, which appears
in the parametrization of the framefield (2.1), is isomorphic to the concept of a scalar theory (i.e.
Nordstro¨m gravitation). This means explorations [22] of Nordstro¨m supergravity are equivalent
to the exploration of the limit of a full superframe where only the compensator is retained. This
has the implication that investigations of Nordstro¨m supergravity theories fix the dependences of
the superspace supergravity supercovariant derivatives ∇A, the torsion supertensors TABC and
curvature supertensors RAB c
d on the scale compensating superfield.
The constraints used in the following results can be derived from equations found in the work
of [22]. Take the following indicated equations from that work which are linear in the first derivative
of the scale compensator, use appropriate algebraic operations to express the first derivatives in
terms of torsion, and substitute those expressions back into the equations. For the N = IIA
supergeometry, the appropriate equations from which to start the derivation are given in (6.10) -
(6.19), (6.22), and (6.25). For the N = IIB supergeometry, the appropriate equations from which
to start the derivation are given in (7.11) - (7.20), (7.23), and (7.26). Finally, for the N = I
supergeometry, the appropriate equations from which to start the derivation are given in (5.8),
(5.9), (5.10), and (5.12). These are found to be equivalent to results given previously in [7].
3.1 10D,N = IIA Supergravity Derivatives & Scale Transformations
The covariant derivatives (Equations (8.51) - (8.53) in [22]) linear in the real conformal com-
pensator Ψ are given by
∇α = Dα + 12ΨDα +
1
10 (σ
ab)α
β(DβΨ)Mab , (3.1)
∇.α = D.α + 12ΨD.α +
1
10 (σ
ab).α
.
β(D.
β
Ψ)Mab , (3.2)
∇a = ∂a + Ψ∂a − i15(σa)δγ(DδΨ)Dγ − i
1
5(σa)
.
δ
.
γ(D.
δ
Ψ)D.γ − (∂cΨ)Mac , (3.3)
where the “bare” algebra of the supersymmetry covariant derivatives and the spacetime partial
derivative takes the forms
{Dα , Dβ } = i (σa)αβ ∂a , {D.α , D.β } = i (σ
a).
α
.
β
∂a , {Dα , D.β } = 0 , (3.4)
which indicate the non-vanishing values of the torsion supertensors must be given by
T cαβ = i(σ
c)αβ , T.α.β
c = i(σc).
α
.
β
, T
α
.
β
c = 0 , (3.5)
and noting [∂a , ∂b] = 0.
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Mimicking results shown in going from (2.8) to (2.9), we conclude the super scale transformation
laws for the full superspace supercovariant supergravity derivative operators must take the forms
which follow from the results in (3.1), (3.2), and (3.3). Thus, we write
δS∇α = 12 L∇α +
1
10 (σ
ab)α
β(∇βL)Mab , (3.6)
δS∇.α = 12 L∇.α +
1
10 (σ
ab).α
.
β(∇.
β
L)Mab , (3.7)
δS∇a = L∇a − i15(σa)δγ(∇δL)∇γ − i
1
5(σa)
.
δ
.
γ(∇.
δ
L)∇.γ − (∇cL)Mac , (3.8)
as the super Weyl transformation laws of superspace supergravity derivatives for 10D, N = IIA
theories.
Upon using the definitions of torsion and curvature tensors
[∇α , ∇β } = Tαβc∇c + Tαβγ∇γ + Tαβ
.
γ ∇.γ + 12Rαβ deMed ,
[∇α , ∇.β } = Tα.β
c∇c + Tα.β
γ∇γ + Tα.β
.
γ ∇.γ + 12Rα.β d
eMed ,
[∇.α , ∇.β } = T.α.β
c∇c + T.α.β
γ∇γ + T.α.β
.
γ ∇.γ + 12R.α.β d
eMed ,
[∇α , ∇b } = Tαbc∇c + Tαbγ∇γ + Tαb
.
γ ∇.γ + 12Rαb deMed ,
[∇.α , ∇b } = T.αbc∇c + T.αbγ∇γ + T.αb
.
γ ∇.γ + 12R.αb deMed ,
[∇a , ∇b } = Tabc∇c + Tabγ∇γ + Tab
.
γ ∇.γ + 12Rab deMed ,
(3.9)
appropriate to the case of the 10, N = IIA theory, we find the Weyl scaling properties of all the
superspace torsion and curvature supertensors with weights of less than three-halves as below. Weyl
scaling properties of all other superspace torsion and curvature supertensors with weights of equal
and larger than three-halves will be presented in Appendix A.1. Grouping according to scale. we
find,
δSTαβ
c = 0 , (3.10)
δSTα
.
β
c = 0 , (3.11)
δST.α.β
c = 0 , (3.12)
δSTαβ
γ = 12LTαβ
γ + i15Tαβ
c(σc)
γδ(∇δL) + 12(∇(αL)δβ)γ +
1
20(σ
[2])(α
δ(σ[2])β)
γ(∇δL) , (3.13)
δSTαβ
.
γ = 12LTαβ
.
γ + i15Tαβ
c(σc)
.
δ
.
γ(∇.
δ
L) , (3.14)
δST.α.β
.
γ = 12LT.α.β
.
γ + i15T.α.β
c(σc)
.
γ
.
δ(∇.
δ
L) + 12(∇(.αL)δ.β)
.
γ + 120(σ
[2])(.α
.
δ(σ[2]).β)
.
γ(∇.
δ
L) , (3.15)
δST.α.β
γ = 12LT.α.β
γ + i15T.α.β
c(σc)
γδ(∇δL) , (3.16)
δSTα
.
β
γ = 12LTα
.
β
γ + i15Tα
.
β
c(σc)
δγ(∇δL) + 12(∇.βL)δα
γ + 120(σ
[2]).
β
.
δ(σ[2])α
γ(∇.
δ
L) , (3.17)
δSTα
.
β
.
γ = 12LTα
.
β
.
γ + i15Tα
.
β
c(σc)
.
δ
.
γ(∇.
δ
L) + 12(∇αL)δ.β
.
γ + 120(σ
[2]).
β
.
γ(σ[2])α
δ(∇δL) , (3.18)
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δSTαb
c = 12LTαb
c + (∇αL)δbc + 15(σbc)αβ(∇βL) + i
1
5(σb)
βδ(∇δL)Tαβc
+ i15(σb)
.
β
.
δ(∇.
δ
L)T
α
.
β
c , (3.19)
δST.αbc = 12LT.αbc + (∇.αL)δbc +
1
5(σb
c).α
.
β(∇.
β
L) + i15(σb)
βδ(∇δL)T.αβc
+ i15(σb)
.
β
.
δ(∇.
δ
L)T.
α
.
β
c , (3.20)
δSTαb
γ = LTαb
γ + i15Tαb
c(σc)
γδ(∇δL)− 12(∇bL)δαγ − i
1
5(σb)
γβ(∇α∇βL)
+ i15(σb)
δβ(∇δL)Tαβγ + i15(σb)
.
δ
.
β(∇.
δ
L)T
α
.
β
γ + 12(σb
c)α
γ(∇cL) , (3.21)
δSTαb
.
γ = LTαb
.
γ − i15(σb)
.
γ
.
β(∇α∇.βL) + i
1
5(σb)
δβ(∇δL)Tαβ
.
γ + i15(σb)
.
δ
.
β(∇.
δ
L)T
α
.
β
.
γ
− i15(σc)
.
δ
.
γ(∇.
δ
L)Tαb
c , (3.22)
δST.αbγ = LT.αbγ − i15(σb)γβ(∇.α∇βL) + i
1
5(σb)
δβ(∇δL)T.αβγ + i15(σb)
.
δ
.
β(∇.
δ
L)T.
α
.
β
γ
− i15(σc)δγ(∇δL)T.αbc , (3.23)
δST.αb
.
γ = LT.αb
.
γ + i15T
.
αb
c(σc)
.
γ
.
δ(∇.
δ
L)− 12(∇bL)δ.α
.
γ − i15(σb)
.
γ
.
β(∇.α∇.βL)
+ i15(σb)
δβ(∇δL)T.αβ
.
γ + i15(σb)
.
δ
.
β(∇.
δ
L)T.
α
.
β
.
γ + 12(σb
c).α
.
γ(∇cL) , (3.24)
δSTab
c = LTab
c − i15(σ[a)αβ(∇αL)Tβ|b]c − i
1
5(σ[a)
.
α
.
β(∇.αL)T.β|b]
c , (3.25)
δSRαβ
de = LRαβ
de − Tαβ [d(∇e]L) + 15Tαβγ(σde)γδ(∇δL) +
1
5Tαβ
.
γ(σde).γ
.
δ(∇.
δ
L)
− 15(σde)(αδ(∇β)∇δL) , (3.26)
δSRα
.
β
de = LR
α
.
β
de − T
α
.
β
[d(∇e]L) + 15Tα.β
γ(σde)γ
δ(∇δL) + 15Tα.β
.
γ(σde).γ
.
δ(∇.
δ
L)
− 15(σde)αδ(∇.β∇δL) −
1
5(σ
de).
β
.
γ(∇α∇.γL) , (3.27)
δSR.α.β
de = LR.
α
.
β
de − T.
α
.
β
[d(∇e]L) + 15T.α.β
γ(σde)γ
δ(∇δL) + 15T.α.β
.
γ(σde).γ
.
δ(∇.
δ
L)
− 15(σde)(.α
.
δ(∇.
β)
∇.
δ
L) . (3.28)
Similar to 11D, we define J -tensors and use them to construct the Weyl tensor superfield. The
J -tensors constructed are the following,
J (1)α = 12Tαββ , J
(1).
α
= 12T.α.β
.
β ,
J (2)α = 18Tα.β
.
β , J (2).
α
= 18T
.
αβ
β ,
J (3)α = 18Tαbb , J
(3).
α
= 18T
.
αb
b .
(3.29)
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Thus we see
δSJ (1)α = 12LJ (1)α + (∇αL) , δSJ
(1).
α
= 12LJ
(1).
α
+ (∇.αL) ,
δSJ (2)α = 12LJ (2)α + (∇αL) , δSJ
(2).
α
= 12LJ
(2).
α
+ (∇.αL) ,
δSJ (3)α = 12LJ (3)α + (∇αL) , δSJ
(3).
α
= 12LJ
(3).
α
+ (∇.αL) .
(3.30)
One can see there are only two independent objects (one from each copy of Grassmann coordinates)
by changing basis for these superfields. Define
J (+)α = 13
(J (3)α + J (1)α + J (2)α ) , J (+).α = 13(J (3).α + J (1).α + J (2).α ) ,
J (−1)α = 12
(J (3)α − J (1)α ) , J (−1).α = 12(J (3).α − J (1).α ) ,
J (−2)α = 16
(J (3)α + J (1)α − 2J (2)α ) , J (−2).α = 16(J (3).α + J (1).α − 2J (2).α ) .
(3.31)
The variations of these J -tensors under the scale variation take the forms
δSJ (+)α = 12LJ (+)α + (∇αL) , δSJ
(+).
α
= 12LJ
(+).
α
+ (∇.αL) ,
δSJ (−1)α = 12LJ (−1)α , δSJ
(−1).
α
= 12LJ
(−1).
α
,
δSJ (−2)α = 12LJ (−2)α , δSJ
(−2).
α
= 12LJ
(−2).
α
.
(3.32)
In this basis, only J (+)α and J (+).
α
serve as spinorial gauge connections. The Weyl tensor is then
constructed using conformal weight 1 torsion supertensors and conformal weight 12 spinorial gauge
connections. By requiring δSWabc = LWabc, we obtain
Wabc = 132
{
(σd)γβ(σabc)
βα Tαd
γ − i2(σabc)αβ
[∇αJ (+)β − 65 J (+)α J (+)β ]
+ (σd).
γ
.
β
(σabc)
.
β
.
α T.αd
.
γ − i2(σabc)
.
α
.
β
[∇.αJ (+).
β
− 65 J
(+).
α
J (+).
β
] }
.
(3.33)
3.2 10D,N = IIB Supergravity Derivatives & Scale Transformations
Now, the covariant derivative operators linear in the complex conformal compensator Ψ (appro-
priate for the IIB theory) and necessary for a Nordstro¨m theory (Equations (8.92) - (8.94) in [22])
may be given by
∇α = Dα + 12ΨDα +
1
10(σ
ab)α
β(DβΨ)Mab , (3.34)
∇α = Dα + 12ΨDα +
1
10(σ
ab)α
β(DβΨ)Mab , (3.35)
∇a = ∂a + 12 ( Ψ + Ψ ) ∂a − i
1
32 (σa)
αβ
[
Dα( Ψ +
27
5 Ψ )
]
Dβ
− i 132 (σa)αβ
[
Dα( Ψ +
27
5 Ψ)
]
Dβ − 12
[
∂c( Ψ + Ψ )
]Mac , (3.36)
here the “bare” algebra of the supersymmetry covariant derivatives and the spacetime partial deriva-
tive takes the forms
{Dα , Dβ } = 0 , {Dα , Dβ } = 0 , {Dα , Dβ } = i (σa)αβ ∂a , (3.37)
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which indicate the non-vanishing torsion supertensors must be given by
Tαβ
c = 0 , Tαβ
c = 0 , Tαβ
c = i (σc)αβ . (3.38)
By repeating the steps used to obtain (3.6), (3.7), and (3.8) in the last section, here we find,
δS∇α = 12L∇α +
1
10 (σ
ab)α
β(∇βL)Mab , (3.39)
δS∇α = 12L∇α +
1
10 (σ
ab)α
β(∇β L)Mab , (3.40)
δS∇a = 12 (L + L )∇a − i
1
32 (σa)
αβ
[
∇α(L + 275 L )
]
∇β
− i 132 (σa)αβ
[
∇α(L + 275 L)
]
∇β − 12
[∇c(L + L ) ]Mac . (3.41)
The super-Weyl parameter in (3.6), (3.7), and (3.8) is distinguished from that in (3.39), (3.40), and
(3.41). The former involve a real scaling parameter superfield L = L, whereas the latter involve a
complex scaling parameter superfield L 6= L. This means the transformation laws in (3.39), (3.40),
and (3.41) imply both a real scaling parametrized by 12(L+L) and also a U(1) rotation parametrized
by i12(L− L). The terms proportional to M in (3.39), and (3.40) as well as the ones proportional
to the spinorial derivatives in (3.41) depend on both the real superspace Weyl scaling parameter u
= 12(L+L) and the real U(1) rotation parameter v = −i
1
2(L−L). To see this, one need only note
L = (u + iv) and L = (u− iv) in the latter equations.
Upon using the definitions of torsion and curvature tensors
[∇α , ∇β } = Tαβc∇c + Tαβγ∇γ + Tαβγ∇γ + 12Rαβ deMed ,
[∇α , ∇β } = Tαβc∇c + Tαβγ∇γ + Tαβγ∇γ + 12Rαβ deMed ,
[∇α , ∇β } = Tαβc∇c + Tαβγ∇γ + Tαβγ∇γ + 12Rαβ deMed ,
[∇α , ∇b } = Tαbc∇c + Tαbγ∇γ + Tαbγ∇γ + 12Rαb deMed ,
[∇α , ∇b } = Tαbc∇c + Tαbγ∇γ + Tαbγ∇γ + 12Rαb deMed ,
[∇a , ∇b } = Tabc∇c + Tabγ∇γ + Tabγ∇γ + 12Rab deMed ,
(3.42)
appropriate to the case of the 10D, N = IIB theory, we find the Weyl scaling properties of all the
superspace torsion and curvature supertensors with weights of less than three-halves as below. Weyl
scaling properties of all other superspace torsion and curvature supertensors with weights of equal
and larger than three-halves will be presented in Appendix A.2.
δSTαβ
c = 12(L− L)Tαβc , (3.43)
δSTαβ
c = 0 , (3.44)
δSTαβ
c = − 12(L− L)Tαβc , (3.45)
δSTαβ
γ = (L− 12L)Tαβγ + iTαβc(σc)δγ(∇δ(
1
32L+
27
160L)) , (3.46)
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δSTαβ
γ = 12LTαβ
γ + iTαβ
c(σc)
γδ(∇δ( 132L+
27
160L))
+ 12(∇(αL)δβ)γ +
1
20(σ
[2])(α
δ(σ[2])β)
γ(∇δL) , (3.47)
δSTαβ
γ = 12LTαβ
γ + iTαβ
c(σc)
δγ(∇δ( 132L+
27
160L)) +
1
2(∇αL)δβγ
+ 120(σ
[2])β
γ(σ[2])α
δ(∇δL) , (3.48)
δSTαb
c = 12LTαb
c + 12(∇α(L+ L))δbc +
1
5(σb
c)α
β(∇βL)
+ i(σb)
δβ(∇δ( 132L+
27
160L))Tαβ
c + i(σb)
δβ(∇δ( 132L+
27
160L))Tαβ
c , (3.49)
δSTαb
c = 12LTαb
c + 12(∇α(L+ L))δbc +
1
5(σb
c)α
β(∇βL)
+ i(σb)
βδ(∇δ( 132L+
27
160L))Tαβ
c + i(σb)
βδ(∇δ( 132L+
27
160L))Tαβ
c , (3.50)
δSTαβ
γ = 12LTαβ
γ + iTαβ
c(σc)
δγ(∇δ( 132L+
27
160L)) +
1
2(∇βL)δαγ
+ 120(σ
[2])β
δ(σ[2])α
γ(∇δL) , (3.51)
δSTαβ
γ = 12LTαβ
γ + iTαβ
c(σc)
γδ(∇δ( 132L+
27
160L))
+ 12(∇(αL)δβ)γ +
1
20(σ
[2])(α
δ(σ[2])β)
γ(∇δL) , (3.52)
δSTαβ
γ = (L− 12L)Tαβγ + iTαβc(σc)γδ(∇δ(
1
32L+
27
160L)) , (3.53)
δSTαb
γ = LTαb
γ − i(σb)γβ(∇α∇β( 132L+
27
160L)) + i(σb)
δβ(∇δ( 132L+
27
160L))Tαβ
γ
+ i(σb)
δβ(∇δ( 132L+
27
160L))Tαβ
γ − i(σc)δγ(∇δ( 132L+
27
160L))Tαb
c , (3.54)
δSTαb
γ = 12(L+ L)Tαb
γ + iTαb
c(σc)
γδ(∇δ( 132L+
27
160L))−
1
2(∇bL)δαγ
− i(σb)γβ(∇α∇β( 132L+
27
160L)) + i(σb)
δβ(∇δ( 132L+
27
160L))Tαβ
γ
+ i(σb)
δβ(∇δ( 132L+
27
160L))Tαβ
γ + 14(σb
c)α
γ(∇c(L+ L)) , (3.55)
δSTab
c = 12(L+ L)Tab
c − i(σ[a)αβ
[
(∇α( 132L+
27
160L))Tβ|b]
c(∇α( 132L+
27
160L))Tβ|b]
c
]
, (3.56)
δSTαb
γ = 12(L+ L)Tαb
γ + iTαb
c(σc)
γδ(∇δ( 132L+
27
160L))−
1
2(∇bL)δαγ
− i(σb)γβ(∇α∇β( 132L+
27
160L)) + i(σb)
δβ(∇δ( 132L+
27
160L))Tαβ
γ
+ i(σb)
δβ(∇δ( 132L+
27
160L))Tαβ
γ + 14(σb
c)α
γ(∇c(L+ L)) , (3.57)
δSTαb
γ = LTαb
γ − i(σb)γβ(∇α∇β( 132L+
27
160L)) + i(σb)
δβ(∇δ( 132L+
27
160L))Tαβ
γ
+ i(σb)
δβ(∇δ( 132L+
27
160L))Tαβ
γ − i(σc)δγ(∇δ( 132L+
27
160L))Tαb
c , (3.58)
δSRαβ
de = LRαβ
de − 12Tαβ [d(∇e](L+ L)) +
1
5Tαβ
γ(σde)γ
δ(∇δL)
+ 15Tαβ
γ(σde)γ
δ(∇δL)− 15(σde)(αδ(∇β)∇δL) , (3.59)
δSRαβ
de = 12(L+ L)Rαβ
de − 12Tαβ [d(∇e](L+ L)) +
1
5Tαβ
γ(σde)γ
δ(∇δL)
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+ 15Tαβ
γ(σde)γ
δ(∇δL)− 15(σde)αδ(∇β∇δL)−
1
5(σ
de)β
γ(∇α∇γL) , (3.60)
δSRαβ
de = LRαβ
de − 12Tαβ [d(∇e](L+ L)) +
1
5Tαβ
γ(σde)γ
δ(∇δL)
+ 15Tαβ
γ(σde)γ
δ(∇δL)− 15(σde)(αδ(∇β)∇δL) . (3.61)
The grouping of terms in (3.43) - (3.61) is according to the real scale weight and U(1) charge.
Their real scale weights and U(1) charges can be read off by expressing all the L and L super
parameters in terms of u and v. All this information is summarized in Table 1.
Torsion / Curvature Scaling Coefficient Real Scale Weight (u) U(1) Charge (v)
Tαβ
c 1
2(L− L) 0 +1
Tαβ
c 0 0 0
Tαβ
c −12(L− L) 0 −1
Tαβ
γ L− 12L
1
2 +
3
2
Tαβ
γ 1
2L
1
2 +
1
2
Tαβ
γ 1
2L
1
2 +
1
2
Tαb
c 1
2L
1
2 +
1
2
Tαb
c 1
2L
1
2 −
1
2
Tαβ
γ 1
2L
1
2 −
1
2
Tαβ
γ 1
2L
1
2 −
1
2
Tαβ
γ L− 12L
1
2 −
3
2
Tαb
γ L 1 +1
Tαb
γ 1
2(L+ L) 1 0
Tab
c 1
2(L+ L) 1 0
Tαb
γ 1
2(L+ L) 1 0
Tαb
γ L 1 −1
Rαβ
de L 1 +1
Rαβ
de 1
2(L+ L) 1 0
Raβ
de L 1 −1
Table 1: Summary of Weyl complex scaling properties of 10D, N = 2B torsions and curvatures
Again, we can construct J -tensors from linear combinations of torsions with indices contracted
in Type IIB theory. There are two independent ones (and their complex conjugates). This is
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because our scaling parameter superfield is complex and thus we have two degrees of freedom. The
J -tensors are defined by
J (1)α = 14Tαββ , J
(1)
α =
1
4Tαβ
β ,
J (2)α = 512Tαββ +
1
3Tαβ
β − 13Tαbb , J
(2)
α =
5
12Tαβ
β + 13Tαβ
β − 13Tαbb ,
J (3)α = Tαββ + 5089Tαββ −
82
89Tαb
b , J (3)α = Tαββ + 5089Tαββ −
82
89Tαb
b .
(3.62)
Their scale transformations are
δSJ (1)α = 12LJ (1)α + (∇αL) , δSJ
(1)
α =
1
2LJ
(1)
α + (∇αL) ,
δSJ (2)α = 12LJ (2)α + (∇αL) , δSJ
(2)
α =
1
2LJ
(2)
α + (∇αL) ,
δSJ (3)α = 12LJ (3)α , δSJ
(3)
α =
1
2LJ
(3)
α .
(3.63)
As we can see from the scale transformations, J (1)α and J (2)α (and their complex conjugates) are
spinorial gauge connections, while J (3)α (and its complex conjugate) only transforms as a scale
covariant tensor of weight 12 without any gauge term. The Weyl tensor can now be constructed
from various (u,v) = (1,0) torsions, and combinations of (u,v) = (12 ,+
1
2) and (u,v) = (
1
2 ,−
1
2)
spinorial covariant derivatives and spinorial gauge connections such that each term has scaling
properties (u,v) = (1, 0). The final result is
Wabc = 132
{
(σd)γβ(σabc)
βα Tαd
γ + (σd)γβ(σabc)
βα Tαd
γ − 4T[abc]
− i(σabc)αβ
[
27
16
(∇αJ (1)β +∇αJ (1)β )+ 516(∇αJ (2)β +∇αJ (2)β )
+
1,863
3,200J (1)α J
(1)
β − 33128J (2)α J
(2)
β − 411640
(J (1)α J (2)β + J (2)α J (1)β )} .
(3.64)
3.3 10D,N = 1 Supergravity Derivatives & Scale Transformations
The covariant derivatives linear in the conformal compensator Ψ are given by (Equations (8.27)
- (8.28) in [22])
∇α = Dα + 12ΨDα +
1
10(σ
ab) βα (DβΨ)Mab , (3.65)
∇a = ∂a + Ψ∂a − i 25 (σa)αβ(DαΨ) Dβ − (∂cΨ)M ca , (3.66)
where the N = 1 “D-operators” satisfy
{Dα , Dβ } = i (σa)αβ ∂a . (3.67)
As the reader has seen the argument that follows from (3.65) and (3.66), thus we find
δS∇α = 12L∇α +
1
10(σ
ab) βα (∇βL)Mab , (3.68)
δS∇a = L∇a − i 25 (σa)αβ(∇αL)∇β − (∇cL)M ca . (3.69)
These results in (3.68) and (3.69) may be compared with the results derived in [7]. The two sets
of Weyl scaling laws are different. However, this is due to the different choices of constraints that
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were chosen. Once this is taken into account, the scaling laws agree. The scaling laws used in [7]
were presented as ansatze¨, whereas the ones in (3.68) and (3.69) were derived from the Nordstro¨m
supergravity results [22].
The definition of torsion and curvature tensors for the 10D, N = 1 theory are identical in form
to the equations given in (2.5). Thus, here we find repeating the series of calculations for 10D,
N = 1 superspace as was done for 11D, N = 1 superspace yields the results that follow. Weyl
scaling properties of all other superspace torsion and curvature supertensors with weights of equal
and larger than three-halves will be presented in Appendix A.3.
δSTαβ
c = 0 , (3.70)
δSTαβ
γ = 12LTαβ
γ + i 25 Tαβ
c(σc)
γδ(∇δL) + 12 (∇(αL)δβ)γ
+ 120 (σ
[2])(α
δ(σ[2])β)
γ(∇δL) , (3.71)
δSTαb
c = 12LTαb
c + (∇αL)δbc + 15 (σbc)αβ(∇βL) + i
2
5 (σb)
βδ(∇δL)Tαβc , (3.72)
δSTαb
γ = LTαb
γ + i 25 Tαb
c(σc)
γδ(∇δL) − 12 (∇bL)δαγ
− i 25 (σb)γβ(∇α∇βL) + i
2
5 (σb)
δβ(∇δL)Tαβγ + 12 (σbc)αγ(∇cL) , (3.73)
δSTab
c = LTab
c − i 25 (σ[a)αβ(∇αL)Tβ|b]c , (3.74)
δSRαβ
de = LRαβ
de − Tαβ [d(∇e]L) + 15 Tαβγ(σde)γδ(∇δL)
− 15 (σde)(αδ(∇β)∇δL) . (3.75)
Here we define the J -tensors
J (+)α = 16Tαbb , J (−)α = Tαββ , (3.76)
and they transform as
δSJ (+)α = 12LJ (+)α + (∇αL) , δSJ (−)α =
1
2LJ (−)α . (3.77)
Again, similar as in 11D, N=1 case, J (−)α transforms like a scale covariant tensor of weight 12 , the
quantity J (+)α transforms with a scale weight of 12 while being a spinorial gauge connection under
a scaling transformation!
The necessary engineering dimension one superfield Wabc with Weyl weight one can be defined
by
Wabc = 116
{
(σd)γβ(σabc)
βα Tαd
γ − i4(σabc)αβ
[∇αJ (+)β − 2225J (+)α J (+)β ] } . (3.78)
To our knowledge, the results presented in equations (3.33), (3.64), and (3.78) mark the first
time that off-shell definitions of 10D Weyl superfield supergravity field strength tensors have been
explicitly identified in the physics literature.
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4 A New Methodology: Adynkras & ADA Scans
Recently [23,24], we have established a breakthrough approach which substantially lowered
computational costs of determining how to embed a set of component fields within a superfield. Just
as MRI (magnetic resonance imaging - based on the phenomenon of nuclear magnetic resonance)
has brought amazing progress in creating high definition images of internal structures of bodies in
biological domains, the approach in [23,24] (which can be called “Adyndra Digital Analysis” or
“ADA”) permits the rapid assay of the Lorentz spectrum of component fields within superfields.
There are a number of ways to define an “adynkra9 .” One such meaning is as the name for a
certain class of graphs. However, for our purposes here, we will use a definition tailored to 10D,
N = 1 SUSY where an adynkra is a collection of sets of Dynkin Labels that can be broken into
subsets associated with a “Level number.” The latter of these is an integer that takes on values
from zero to sixteen. There exists a “generator” for such lists that takes the form
G = 1 ⊕ ` {( ) × [a1, b1, c1, d1, e1]} ⊕
16⊕
p=2
1
p! (`)
p
{(
(∧ )p−2 ∧ ) × [ap, bp, cp, dp, ep]} ,
(4.1)
which can be expanded to,
G = ` {( ) × [a1, b1, c1, d1, e1]}
⊕
7⊕
p=1
1
p! (`)
2p+1
{(
(∧ )2p−1 ∧ ) × [a2p+1, b2p+1, c2p+1, d2p+1, e2p+1]}
⊕ 1 ⊕
8⊕
p=1
1
(2p)! (`)
2p
{(
(∧ )2(p−1) ∧ ) × [a2p, b2p, c2p, d2p, e2p]} ,
(4.2)
where [ap, bp, cp, dp, ep] (with p = 1, . . . , 16) denote Dynkin Labels appropriate for the fields over the
10-dimensional manifold. The “Level number” is the exponent seen associated with various powers
of the level parameter ` in this expression. Finally is a spinorial Young Tableau and ∧ denotes
the “wedge” product of the tableau. A more complete discussion of conventions and notation used
in writing (4.1) can be found in [24]. All the terms on the first two lines of (4.2) are fermionic
representations as the Young Tableau associated with corresponds to the fundamental spinor
representation of so(1, 9). As the final terms have only even powers of and due to the identity
∧ = = , (4.3)
these can be expressed solely in terms of YT’s involving (bosonic Young Tableaux), i. e. bosonic
representations of so(1, 9).
The generator (4.1) provides a basis for the creation of algorithms that are extraordinarily
efficient at encoding representations of component fields contained within superfields. It is this
efficiency that enabled unprecedented clarity about the component field contents of superfields in
ten and eleven dimensions [23,24,25] and the computational tools we use are noted in [31,32,33].
9 This is a word created from the concatenation of the works “adinkra” and “Dynkin” in an effort to denote
the fusion of these two concepts.
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The discussion in [24] is devoted to using the concepts of Branching Rules, Dynkin Labels,
Plethysm, and Young Tableaux to calculate G. In [23,24] the basic “scalar” adynkra, denoted
by V , was calculated and described in detail. It is the foundational quantity expressed in terms
of YT’s. The computation expense to find all related quantities is substantially less than that
needed to explicitly determine V . This follows as higher representations are simply found from
multiplication of V by Dynkin Labels when the latter are represented by YT’s. Thus, we have
V[0,0,1,0,0] = [0, 0, 1, 0, 0] ⊗ V , V[1,0,1,0,1] = [1, 0, 1, 0, 1] ⊗ V ,
V[3,0,0,0,1] = [3, 0, 0, 0, 1] ⊗ V , V[4,0,0,0,0] = [4, 0, 0, 0, 0] ⊗ V ,
(4.4)
and these multiplications are straightforward by the use of the tools indicated in the references [31,
32,33]. For any bosonic irrep R or fermionic irrep R, (4.4) imples dim(VR) = dim(R) dim(V) or
dim(VR) = dim(R) dim(V), where dim(V) = 65,536. The Dynkin Label Library of the V-superfield
is explicitly shown below and similar results are shown in the Appendix B for all superfields in (4.4).
• Level-0: [0, 0, 0, 0, 0]
• Level-1: [0, 0, 0, 1, 0]
• Level-2: [0, 0, 1, 0, 0]
• Level-3: [0, 1, 0, 0, 1]
• Level-4: [0, 2, 0, 0, 0]⊕ [1, 0, 0, 0, 2]
• Level-5: [0, 0, 0, 0, 3]⊕ [1, 1, 0, 0, 1]
• Level-6: [0, 1, 0, 0, 2]⊕ [2, 0, 1, 0, 0]
• Level-7: [3, 0, 0, 1, 0]⊕ [1, 0, 1, 0, 1]
• Level-8: [4, 0, 0, 0, 0]⊕ [0, 0, 2, 0, 0]⊕ [2, 0, 0, 1, 1]
• Level-9: [3, 0, 0, 0, 1]⊕ [1, 0, 1, 1, 0]
• Level-10: [0, 1, 0, 2, 0]⊕ [2, 0, 1, 0, 0]
• Level-11: [0, 0, 0, 3, 0]⊕ [1, 1, 0, 1, 0]
• Level-12: [0, 2, 0, 0, 0]⊕ [1, 0, 0, 2, 0]
• Level-13: [0, 1, 0, 1, 0]
• Level-14: [0, 0, 1, 0, 0]
• Level-15: [0, 0, 0, 0, 1]
• Level-16: [0, 0, 0, 0, 0]
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The utility of such a library is straightforward.
For example, one could ask whether the component field corresponding to the bosonic irrep
[4, 0, 1, 0, 0] occurs within the θ expansion of V? Upon examination of the library above, it is seen
that the answer is, “no.” In a similar manner, one can ask if the pair of representations given
by [0, 2, 0, 0, 0] and [3, 0, 0, 0, 1] occur in the superfield V at adjacent levels with the fermionic one
higher than the lower one? Once more a quick consultation of the library above returns the answer,
“no.” Clearly, more complicated questions of this nature can be pursued and we turn to this next.
4.1 Component Dynkin Label Examples & ADA Scans
The component fermionic and bosonic representation content of the on-shell 10D, N = 1 super-
gravity multiplet [44,45] is given by
{F}SGI = (χα, ψaα ) = ([0, 0, 0, 1, 0], [1, 0, 0, 0, 1]) ,
{B}SGI = (ϕ, Ba b, eam ) = ([0, 0, 0, 0, 0], [0, 1, 0, 0, 0], [2, 0, 0, 0, 0]) ,
(4.5)
in its most common form. However, as first emphasized in the work of [49], there is an alternate
version where the replacement Ba b → Ma1 ··· a6 is compatible with the absence of anomalies [46,47]
as a realization of the LEEA of the heterotic string [48].
To complete 10D, N = 1 supergravity into either the 10D, N = IIA or IIB supergravity mul-
tiplets, it is necessary to find two other 10D, N = 1 multiplets that contain the matter gravitino
multiplets (MGM) discussed in Appendix C of the work [52] and that indicated the existence of
two such 10D, N = 1 MGM systems. We may call one of them the “IIAMGM” system and the
“IIBMGM” system. In terms of their component fermionic and bosonic representation contents,
these look as
{F}IIAMGM = (χ.α, ψa
.
α ) = ([0, 0, 0, 0, 1], [1, 0, 0, 1, 0]) ,
{B}IIAMGM = (Ba, Aa b c ) = ([1, 0, 0, 0, 0], [0, 0, 1, 0, 0]) ,
(4.6)
and
{F}IIBMGM = (χ′α, ψ′aα ) = ([0, 0, 0, 1, 0], [1, 0, 0, 0, 1]) ,
{B}IIBMGM = (A, B′a b, Aa b c d ) = ([0, 0, 0, 0, 0], [0, 1, 0, 0, 0], [0, 0, 0, 1, 1]) ,
(4.7)
respectively. It can be seen that the fermionic representations are presented in a manner where they
are “higher” than the bosonic ones. This is due to the fact that dynamical fermionic fields possess
higher engineering dimensions than dynamical bosonic fields. In terms of the “Level” numbers, the
fermions are higher than the bosons.
Both the engineering dimensions and the Lorentz representations of all fields are key data inputs
in the construction of Adynkra Digital Analysis (ADA) scans.
The adynkras for V , V[0,0,1,0,0], V[1,0,1,0,1], V[3,0,0,0,1], and V[4,0,0,0,0] can be regarded as a set of
“libraries.” An ADA scan asks simple questions as any number of such queries can be asked. One
is, “Given the data of Level difference and the Dynkin Labels demonstrated in (4.6) does such a
data pattern occur in the V-library?” Another might be, “How many times does such a pattern
occur?”
21
Going back to the work of [36], we have long asserted the interpretation of adinkras as being
the analogs of genetic sequence content where superfields play the roles of biological bodies. An
alternative would have been to analogize adinkras to quarks. However, this analogy suffers when one
realizes the numbers of degrees of freedom of systems in ten and eleven dimensions (e. g. 11D SG
possess 2,147,483,648 bosonic and the same number of fermionic degrees). So the number of possible
targets in searchs are of more “biological” in order of magnitude than the numbers encountered in
determing the quark content in hadronic spectroscopy problems.
Thus, the process of querying adynkra libraries more closely favors the challenges encountered in
DNA analysis than the analysis of the quark spectra of hadronic matter. With modern IT platforms,
both hardware and software, it is a straightforward matter to meet the challenges of writing codes to
query such libraries... after they have been constructed. To focus this more accurately, the analogy
is to regard the data (as given in (4.5), (4.6), and (4.7)) as primary biological sequence content, (e.
g. similar in spirit to nucleotides of DNA/RNA or protein amino-acids). The adynkra “libraries”
play the roles of genetic sequence data bases/libraries10 .
10 One example of such a bioinfomatics IT tool is the “basis local alignment search tool” (BLAST) [34] that
serves this function.
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5 Toward the Rest of the Story
The efforts we have described in chapters 2 and 3 follow the “traditional” routes to understand
supergravity in superspace where attention is focused on the “outside” variables, i. e. ∇A, TABC ,
and RAB c
d. However, there is also a less trod pathway based on the study of the prepotentials, i.
e. Ψ, Aa b, N αβ, and Hβb. Really, due to the presence of constraints and covariance, only Ψ and
Hβ
b require deeper study. Heretofore, mostly the literature [1] - [21], has focused on the “outside”
superfields rather than on the “inside” ones, Ψ, and Hβ
b. The most obvious reason for this is the
traditional approach requires a high computational price be paid to elucidate the θ-expansion for
component fields residing within the “inside” superfields.
As we wish to treat the cases of theN = 1, N = 2A, andN = 2B uniformly, there is a conceptual
approach available as an effective enabling strategy. We now turn to a discussion of this.
In the works of [37,38,39,40,41] there was initiated an approach where superfields with a higher
realization of supersymmetry were formulated in terms of superfields that provide a lower realization
of supersymmetry. In these cases, mostly superfields with 4D, N = 2 SUSY were expressed in terms
of superfields with 4D, N = 1 SUSY. More recently [42], this approach has been implemented in
the context of superfields with 11D, N = 1 SUSY expressed in terms of superfields with 4D, N =
1 SUSY. Since we are working in the arena of 10D, N = 1, N = 2A, and N = 2B SUSY, the lower
dimensional superfields in which to conduct our investigations are ones that realize 10D, N = 1
SUSY.
To create a set of notational conventions that are graphically easy to follow in our subsequent
discussion, we will denote the coordinates of 10D, N = 1 superspace by (xa, θα). In order to
describe the superfields with N = 2A, and N = 2B SUSY, we introduce a second Grassmann
coordinate of the form θ
.
α in the case of the N = 2A superfields or of the form θα in the case of
the N = 2B superfields. Now we can continue to study the superfields V(xa, θα), VIIA(xa, θα, θα˙),
or VIIB(xa, θα, θα) in each respective case. Next we treat these superfields, but in the latter two
cases we use respective explicit expansions in terms of “green θ’s,”
VIIA(xa, θα, θ
.
α) = V(0)(xa, θα) + θ.α V(1)α˙ (xa, θα) + θ
.
αθ
.
β V(2)
α˙β˙
(xa, θα) + . . . , (5.1)
VIIB(xa, θα, θα) = V(0)(xa, θα) + θα V(1)α (xa, θα) + θαθβ V(2)αβ (xa, θα) + . . . , (5.2)
and where these expansions terminate at the sixteenth order of the “green θ’s.” Clearly, these
indicate respective sets of sixteen distinct 10D, N = 1 superfields within the two types of 10D,
N = 2 superfields.
Although the two expansions in (5.1) and (5.2) appear rather similar, an interesting dichotomy
emerges when ADA algorithms are applied to them. In the case of (5.1), it is seen for all the fermionic
superfields, none contributes the conformal graviton representation to level-16 of Type IIA and IIB
scalar superfields. In the case of (5.2), it is seen for all of the fermionic superfields except for
Vα, Vα, V{a1b1c1d1e1}+α, and V{a1b1c1d1e1}−α, all contain the conformal graviton representation. This
result suggests if we wish to find formulations of the Type-IIA and Type-IIB theories that possess
a common truncation to the Type-I theory, we should eliminate the fermionic superfields in both
expansions as subjects of additional study in this regard.
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Now concentrating solely on the bosonic superfields in (5.1) and (5.2), we apply ADA algorithms
to search within the bosonic 10D, N = 1 superfields for the number b{1} of singlet irreps, the number
b{45} of {45} irreps, the number b{54} of {54} irreps, the number b{210}11 of {210} irreps, the number
b{16} of {16} irreps, and the number b{144} of {144} irreps. Furthermore, the ADA scans for these
irreps within the bosonic 10D, N = 1 superfields were designed additionally so that all bosonic
irreps should occur at the same level in the superfield and also to fulfill the requirement that the
{16} irrep and the {144} irrep should occur at one level higher than the bosonic irreps. The 10D,
N = 2A results are shown in the Table 2 below.
Type-I Superfield Dynkin Label b{1} b{45} b{54} b{210} b{16} b{144}
Level of {54} in
Type-I Superfield
V{a1b1c1} [0, 0, 1, 0, 0] 1 1 1 2 1 1 14
V{a1b1,a2b2} [0, 2, 0, 0, 0] 1 1 1 2 1 1 12
V{a2|a1b1c1d1e1}− [1, 0, 0, 2, 0] 0 0 1 1 0 1 12
V{a2b2|a1b1c1d1e1}− [0, 1, 0, 2, 0] 0 0 1 1 0 1 10
V{a2,a3|a1b1c1} [2, 0, 1, 0, 0] 1 2 2 4 1 3 10
V{a1,a2,a3,a4} [4, 0, 0, 0, 0] 1 1 1 1 1 1 8
V{a1b1c1,a2b2c2} [0, 0, 2, 0, 0] 1 1 1 3 1 2 8
V{a2,a3|a1b1c1d1} [2, 0, 0, 1, 1] 1 3 2 6 2 5 8
V{a2b2|a1b1c1d1e1}+ [0, 1, 0, 0, 2] 0 0 1 1 0 1 6
V{a2,a3|a1b1c1} [2, 0, 1, 0, 0] 1 2 2 4 2 4 6
V{a1b1,a2b2} [0, 2, 0, 0, 0] 1 1 1 2 1 2 4
V{a2|a1b1c1d1e1}+ [1, 0, 0, 0, 2] 0 0 1 1 0 1 4
V{a1b1c1} [0, 0, 1, 0, 0] 1 1 1 2 1 2 2
Table 2: Contributions of Each Type-I Superfield to the component bosonic and fermionic
representation content of the 10D, N = 1 supergravity multiplet at Level-16/17 of
Type-IIA Scalar Superfield Decomposition
Looking at this table, the reader’s attention is directed to the Dynkin Labels. The distinct
ones are [0, 0, 1, 0, 0], [0, 2, 0, 0, 0], [1, 0, 0, 2, 0], [0, 1, 0, 2, 0], [2, 0, 1, 0, 0], [4, 0, 0, 0, 0], [0, 0, 2, 0, 0],
[2, 0, 0, 1, 1], [0, 1, 0, 0, 2], and [1, 0, 0, 0, 2].
In a similar manner ADA scans can be applied to the bosonic 10D, N = 1 superfields in the
expansion shown in (5.2). In this case the sets of members of bosonic 10D, N = 1 superfields that
are found is identical to the ones found by starting from the expansion in (5.1). The 10D, N = 2B
results are shown in Table 3.
For all Type-I superfields shown in the two tables above, if there is {54} appears in level-n,
there exits {120} irrep in level-(n + 2), which is the three(seven)-form (i.e. the field strength for
either the {45} or {210} irreps). Also upon comparing the two tables, it is clear that the same two
11 The reason this irrep is considered in the search is due to the fact that it is known there is a duality
“flip” [43] that exchanges the b{54} and b{210} irreps in 10D, N = 1 supergravity and which is consistent
with the anomaly-freedom conditions and Green-Schwarz σ-models associated with the low-energy heterotic
string [49,50] effective action.
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Type-I Superfield Dynkin Label b{1} b{45} b{54} b{210} b{16} b{144}
Level of {54} in
Type-I Superfield
V{a1b1c1} [0, 0, 1, 0, 0] 1 1 1 2 1 1 14
V{a1b1,a2b2} [0, 2, 0, 0, 0] 1 1 1 2 1 1 12
V{a2|a1b1c1d1e1}+ [1, 0, 0, 0, 2] 1 2 1 3 1 2 12
V{a2b2|a1b1c1d1e1}+ [0, 1, 0, 0, 2] 1 2 1 4 2 3 10
V{a2,a3|a1b1c1} [2, 0, 1, 0, 0] 1 2 2 4 1 3 10
V{a1,a2,a3,a4} [4, 0, 0, 0, 0] 1 1 1 1 1 1 8
V{a1b1c1,a2b2c2} [0, 0, 2, 0, 0] 1 1 1 3 1 2 8
V{a2,a3|a1b1c1d1} [2, 0, 0, 1, 1] 1 3 2 6 2 5 8
V{a2b2|a1b1c1d1e1}− [0, 1, 0, 2, 0] 1 2 1 4 1 3 6
V{a2,a3|a1b1c1} [2, 0, 1, 0, 0] 1 2 2 4 2 4 6
V{a1b1,a2b2} [0, 2, 0, 0, 0] 1 1 1 2 1 2 4
V{a2|a1b1c1d1e1}− [1, 0, 0, 2, 0] 1 2 1 3 2 3 4
V{a1b1c1} [0, 0, 1, 0, 0] 1 1 1 2 1 2 2
Table 3: Contributions of Each Type-I Superfield to the component bosonic and fermionic
representation content of the 10D, N = 1 supergravity multiplet at Level-16/17 of
Type-IIB Scalar Superfield Decomposition
sets of 10D, N = 1 superfields appear in both. The only differences that occur take place when a
prepotential involves a 5-form index. In these cases, the 5-form indices are “flipped” between the
10D, N = IIA and 10D, N = IIB theories.
The last column of the preceding two tables gives the height of the conformal graviton irrep
in the Type-I superfield. This simultaneously gives the location of the Type-I superfield in the
θ-expansion. So for example the conformal graviton irrep indicated in the first row of either of the
preceding tables is found at Level number 14. This means that the type-I superfield containing
those conformal graviton irreps are located at quadratic order in the θ-expansion.
We must exercise a note of caution in regards to our proposal, however. There is a long standing
alternate proposal [51] for the 10D, N = 1 superspace supergravity prepotential. This work has
suggested that the {120} irrep (the [0, 0, 1, 0, 0] irrep or the superfield described by V{a1b1c1}), should
play this role. One argument that mitigates against this concern is the fact that the [0, 0, 1, 0, 0]
irrep in the 10D theory does not connect to the unique conformal graviton seen in the 11D scalar
supermultiplet.
In this chapter, we have looked at the issue of what superfield could serve as the 10D, N = 1
supergravity prepotential. Our investigation began from the scalar superfield for both the Type-IIA
and Type-IIB superspaces. The choice of the scalar superfield is motivated by our study of the 11D,
N = 1 superspace gravity theory [24] where the scalar superfield is the simplest superfield that
contains the conformal graviton representation. In this context, it was found that the conformal
graviton occurs exactly at the middle level of the superfield. A truncation of 11D, N = 1 superspace
to 10D,N = IIA superspace must also then yield a scalar superfield as the supergravity prepotential.
Next in this line of reasoning, we may consider a truncation of 10D, N = IIA superspace to
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10D, N = 1 superspace. As our discussions in this chapter showed, there are choices to explore
as the putative supergravity prepotential. The ADA algorithms inform us there are only a few
options to explore, at least under the set of assumptions we are using. These include the ten
possibilities given by V{a1a2a3}, V{a1b1,a2b2}, V{a1,a2,a3,a4}, V{a2,a3|a1b1c1}, V{a1b1c1,a2,b2c2}, V{a2a3|a1b1c1d1},
V{a2|a1b1c1d1e1}+ , V{a2|a1b1c1d1e1}− , V{a2b2|a1b1c1d1e1}+ , and V{a2b2|a1b1c1d1e1}− .
However, among the ten choices indicated by the two tables in this chapter, there is one that
is extremely interesting as it contains a single copy of each of the component irreps that were the
parameters of our ADA scan. This representation is the superfield V{a1,a2,a3,a4}, with Dynkin Label
[4, 0, 0, 0, 0] which corresponds to a 10D, totally symmetical, completely traceless fourth rank tensor
superfield
V [4,0,0,0,0](xa, θα) = V{a1,a2,a3,a4}(xa, θα) . (5.3)
It also possesses the property that the conformal graviton irrep occurs in the middle level of the
superfield. These two properties suggest to us this should be the superfield that is the most likely
candidate for the 10D, N = 1 supergravity prepotential.
The next task becomes one of finding if there are Type-I superfields (SF’s) in the expansions
shown in (5.1) and (5.2) that will allow the patterns of height assignments and irreps seen in (4.6) and
(4.7) to be found within them? So we set up an ADA scan in (5.1) looking for the first pattern and
one in (5.2) looking for the second pattern at levels compatible with the 10D,N = 1 SG prepotential
identified in (5.3). The task is simplified by an observation on how the non-manifest supercharges
act relative to the identification of the [4, 0, 0, 0, 0] supergravity prepotential which occurs at θ-
Level eight. The second non-manifest supercharge must connect quantities at different θ-Levels.
The simplest example of this phenomenon is seen in the 4D, N = 1 chiral supermultiplet. The
spin-0 fields are at the lowest θ-Level and a supercharge acting on these spin-0 fields connect them
to the spin-1/2 fields at one θ-Level higher. Translating this lesson for the present consideration,
the [4, 0, 0, 0, 0] supergravity prepotential should be connected to a 10D, N = 1 superfield at θ-Level
nine. So the present scan can be restricted to a search at this level. The results of these scans are
shown in Tables 4 and 5.
Type-I SF Dynkin Label b{10} b{120} b{16} b{144} θ-Level
Boson
Height
Fermion
Height
Ψ{a1,a2,a3}α [3, 0, 0, 1, 0] 1 3 2 3 9 7 8
Ψ{a2|a1b1c1}
α [1, 0, 1, 0, 1] 1 4 2 5 9 7 8
Table 4: Type-I Superfield Contributions to Bosons at Level-16 & Fermions at Level-17 in Type-IIA
Scalar Superfield Decomposition
Beyond this point, ADA scans provide no guidance or other means will be required for further
progress. But these scans have provided valuable insights that have “shone a spotlight” within
these systems containing up to 2,147,483,648 bosonic degrees of freedom and 2,147,483,648 fermionic
degrees of freedom. The results derived indicate where future investigations might show the greatest
return on investment of time and energy.
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Type-I SF Dynkin Label b{1} b{45} b{210} b{16} b{144} θ-Level
Boson
Height
Fermion
Height
Ψ{a1,a2,a3}
α [3, 0, 0, 0, 1] 1 2 3 2 3 9 7 8
Ψ{a2|a1b1c1}α [1, 0, 1, 1, 0] 1 3 6 2 5 9 7 8
Table 5: Type-I Superfield Contributions to Bosons at Level-16 & Fermions at Level-17 in Type-IIB
Scalar Superfield Decomposition
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6 Conclusion
In chapters 2 and 3, we have demonstrated the prepotential basis for the argument that imposing
a sufficient number of constraints on the superframe fields to express them in terms of Ψ and Hα
a as
their only independent superfield variables necessarily leads to Poincare´ systems that nevertheless
possess Weyl covariance. This observation was used to derive a set of infinitesimal Weyl scaling laws
for ten and eleven supergravity. On this basis the transformation laws for the superspace torsion
and curvature supertensors were derived and the super Weyl covariant supertensors containing the
on-shell degrees of freedom were thus identified within components of the torsion supertensors. In
the case of the N = 1 theories in 10D and 11D, the infinitesimal Weyl scaling laws confirm results
derived previously in the work of [7] and [16]. For the cases 10D, N = 2A and N = 2B, the
infinitesimal Weyl scaling laws derived in chapter 3 have not been presented previously. In chapter
4, the conceptual basis provided by the concept of “adynkras” [23,24] was reviewed in a way that is
relevant to the discussion of supergravity theories in ten and eleven dimensions. Finally, in chapter
5, the presentations and results of the previous chapters were used to identify possible supergravity
prepotential candidates.
In the discussion in [24] of the 11D, N = 1 theory, the primary putative supergravity superfield
was a scalar superfield also. To distinguish it from the superfields discussed in (5.1) and (5.2), we can
denote the eleven dimensional scalar superfield by V11(xa, θα) which together with VIIA(xa, θα, θ
.
α)
and VIIB(xa, θα, θα)12 form a triplet of superfields that hold the possibility of being the fundamental
supergravity prepotentials of 11D,N = 1, 10D,N = IIA, and 10D,N = IIB theories. This raises the
intriguing possibility that this triplet is related to duality properties among these high dimensional
models.
“The best way to have a good idea is to have a lot of
ideas.”
- Linus Pauling
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A Appendix on 10D Weyl Scaling Properties of Weight≥ 3
2
Super Tensors
In this appendix, we record the Weyl scaling transformation laws for the super torsion and super
curvature tensors of scale weight equal or greater than three-halves in the respective cases of the N
= 2A, N = 2B and N = 1 theories.
A.1 10D,N = 2A
δSTab
γ = 32LTab
γ + i15(σ[a)
αγ(∇b]∇αL)− i15(σ[a)αβ(∇αL)Tβ|b]γ
− i15(σ[a)
.
α
.
β(∇.αL)T.β|b]
γ + i15(σc)
γδ(∇δL)Tabc , (A.1)
δSTab
.
γ = 32LTab
.
γ + i15(σ[a)
.
α
.
γ(∇b]∇.αL)− i15(σ[a)αβ(∇αL)Tβ|b]
.
γ
− i15(σ[a)
.
α
.
β(∇.αL)T.β|b]
.
γ + i15(σc)
.
γ
.
δ(∇.
δ
L)Tab
c , (A.2)
δSRαb
de = 32LRαb
de − Tαb[d(∇e]L) + 15Tαbγ(σde)γδ(∇δL) +
1
5Tαb
.
γ(σde).γ
.
δ(∇.
δ
L)
+ 15(σ
de)α
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B Appendix on Adynkra Libraries
In this appendix, we explicitly present the adynkra libraries of all superfields that appear in
equation (4.4) in the text.
B.1 Dynkin Label Library of V[0,0,1,0,0]
• Level-0: [0, 0, 1, 0, 0]
• Level-1: [0, 0, 0, 0, 1]⊕ [1, 0, 0, 1, 0]⊕ [0, 1, 0, 0, 1]⊕ [0, 0, 1, 1, 0]
• Level-2: [0, 0, 0, 0, 0]⊕ [0, 1, 0, 0, 0]⊕ [2, 0, 0, 0, 0]⊕ (2)[0, 0, 0, 1, 1]⊕ [0, 2, 0, 0, 0]⊕ [1, 0, 1, 0, 0]⊕
[1, 0, 0, 2, 0]⊕ [1, 0, 0, 0, 2]⊕ [0, 0, 2, 0, 0]⊕ [0, 1, 0, 1, 1]
• Level-3: [0, 0, 0, 1, 0] ⊕ (2)[1, 0, 0, 0, 1] ⊕ (2)[0, 1, 0, 1, 0] ⊕ [0, 0, 0, 0, 3] ⊕ [2, 0, 0, 1, 0] ⊕
(2)[0, 0, 1, 0, 1] ⊕ [0, 0, 0, 2, 1] ⊕ (2)[1, 1, 0, 0, 1] ⊕ [0, 2, 0, 1, 0] ⊕ [1, 0, 1, 1, 0] ⊕ [1, 0, 0, 1, 2] ⊕
[0, 1, 1, 0, 1]
• Level-4: (2)[0, 0, 1, 0, 0] ⊕ [0, 0, 0, 0, 2] ⊕ (2)[1, 1, 0, 0, 0] ⊕ (3)[1, 0, 0, 1, 1] ⊕ (2)[0, 1, 1, 0, 0] ⊕
[0, 1, 0, 2, 0] ⊕ (3)[0, 1, 0, 0, 2] ⊕ (2)[2, 0, 1, 0, 0] ⊕ [1, 2, 0, 0, 0] ⊕ [2, 0, 0, 0, 2] ⊕ [0, 0, 0, 1, 3] ⊕
[0, 0, 1, 1, 1]⊕ [0, 2, 1, 0, 0]⊕ (2)[1, 1, 0, 1, 1]⊕ [1, 0, 1, 0, 2]
• Level-5: [1, 0, 0, 1, 0] ⊕ (3)[0, 1, 0, 0, 1] ⊕ (2)[2, 0, 0, 0, 1] ⊕ [0, 0, 1, 1, 0] ⊕ (2)[0, 0, 0, 1, 2] ⊕
[3, 0, 0, 1, 0]⊕ (3)[1, 1, 0, 1, 0]⊕ (2)[1, 0, 0, 0, 3]⊕ (2)[0, 2, 0, 0, 1]⊕ (4)[1, 0, 1, 0, 1]⊕ [1, 0, 0, 2, 1]⊕
(2)[2, 1, 0, 0, 1] ⊕ [0, 1, 1, 1, 0] ⊕ [0, 0, 1, 0, 3] ⊕ (2)[0, 1, 0, 1, 2] ⊕ [2, 0, 1, 1, 0] ⊕ [1, 2, 0, 1, 0] ⊕
[2, 0, 0, 1, 2]⊕ [1, 1, 1, 0, 1]
• Level-6: [2, 0, 0, 0, 0]⊕[0, 0, 0, 1, 1]⊕[4, 0, 0, 0, 0]⊕(2)[0, 2, 0, 0, 0]⊕(2)[1, 0, 1, 0, 0]⊕[1, 0, 0, 2, 0]⊕
(3)[1, 0, 0, 0, 2]⊕(2)[2, 1, 0, 0, 0]⊕[0, 0, 0, 0, 4]⊕(2)[0, 0, 2, 0, 0]⊕(3)[0, 1, 0, 1, 1]⊕(2)[0, 0, 1, 0, 2]⊕
(4)[2, 0, 0, 1, 1] ⊕ [0, 0, 0, 2, 2] ⊕ [3, 0, 1, 0, 0] ⊕ [2, 2, 0, 0, 0] ⊕ [3, 0, 0, 2, 0] ⊕ [3, 0, 0, 0, 2] ⊕
(3)[1, 1, 1, 0, 0] ⊕ [1, 1, 0, 2, 0] ⊕ (3)[1, 1, 0, 0, 2] ⊕ [1, 0, 0, 1, 3] ⊕ (2)[1, 0, 1, 1, 1] ⊕ [0, 2, 0, 1, 1] ⊕
[2, 0, 2, 0, 0]⊕ [0, 1, 1, 0, 2]⊕ [2, 1, 0, 1, 1]
• Level-7: [1, 0, 0, 0, 1]⊕[0, 1, 0, 1, 0]⊕[0, 0, 0, 0, 3]⊕(2)[2, 0, 0, 1, 0]⊕(2)[0, 0, 1, 0, 1]⊕[0, 0, 0, 2, 1]⊕
(3)[3, 0, 0, 0, 1]⊕ (4)[1, 1, 0, 0, 1]⊕ [4, 0, 0, 1, 0]⊕ [0, 2, 0, 1, 0]⊕ (4)[1, 0, 1, 1, 0]⊕ (3)[1, 0, 0, 1, 2]⊕
(3)[2, 1, 0, 1, 0] ⊕ [0, 1, 0, 0, 3] ⊕ [2, 0, 0, 0, 3] ⊕ (3)[0, 1, 1, 0, 1] ⊕ [0, 0, 2, 1, 0] ⊕ [0, 1, 0, 2, 1] ⊕
(3)[2, 0, 1, 0, 1] ⊕ [1, 2, 0, 0, 1] ⊕ [3, 1, 0, 0, 1] ⊕ (2)[2, 0, 0, 2, 1] ⊕ [0, 0, 1, 1, 2] ⊕ [3, 0, 1, 1, 0] ⊕
[1, 1, 1, 1, 0]⊕ [1, 0, 2, 0, 1]⊕ [1, 1, 0, 1, 2]
• Level-8: [0, 0, 1, 0, 0] ⊕ [3, 0, 0, 0, 0] ⊕ [1, 1, 0, 0, 0] ⊕ (3)[1, 0, 0, 1, 1] ⊕ (2)[0, 1, 1, 0, 0] ⊕
(2)[0, 1, 0, 2, 0]⊕(2)[0, 1, 0, 0, 2]⊕(5)[2, 0, 1, 0, 0]⊕[1, 2, 0, 0, 0]⊕(2)[3, 1, 0, 0, 0]⊕(2)[2, 0, 0, 2, 0]⊕
(2)[2, 0, 0, 0, 2]⊕(3)[0, 0, 1, 1, 1]⊕(2)[1, 0, 2, 0, 0]⊕(3)[3, 0, 0, 1, 1]⊕[0, 2, 1, 0, 0]⊕(4)[1, 1, 0, 1, 1]⊕
[4, 0, 1, 0, 0] ⊕ (2)[1, 0, 1, 2, 0] ⊕ (2)[1, 0, 1, 0, 2] ⊕ [1, 0, 0, 2, 2] ⊕ [2, 1, 1, 0, 0] ⊕ [0, 0, 3, 0, 0] ⊕
[2, 1, 0, 2, 0]⊕ [2, 1, 0, 0, 2]⊕ [0, 1, 1, 1, 1]⊕ [2, 0, 1, 1, 1]
• Level-9: [1, 0, 0, 1, 0]⊕[0, 1, 0, 0, 1]⊕[0, 0, 0, 3, 0]⊕(2)[2, 0, 0, 0, 1]⊕(2)[0, 0, 1, 1, 0]⊕[0, 0, 0, 1, 2]⊕
(3)[3, 0, 0, 1, 0]⊕ (4)[1, 1, 0, 1, 0]⊕ [4, 0, 0, 0, 1]⊕ [0, 2, 0, 0, 1]⊕ (4)[1, 0, 1, 0, 1]⊕ (3)[1, 0, 0, 2, 1]⊕
(3)[2, 1, 0, 0, 1] ⊕ [0, 1, 0, 3, 0] ⊕ [2, 0, 0, 3, 0] ⊕ (3)[0, 1, 1, 1, 0] ⊕ [0, 0, 2, 0, 1] ⊕ [0, 1, 0, 1, 2] ⊕
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(3)[2, 0, 1, 1, 0] ⊕ [1, 2, 0, 1, 0] ⊕ [3, 1, 0, 1, 0] ⊕ (2)[2, 0, 0, 1, 2] ⊕ [0, 0, 1, 2, 1] ⊕ [3, 0, 1, 0, 1] ⊕
[1, 1, 1, 0, 1]⊕ [1, 0, 2, 1, 0]⊕ [1, 1, 0, 2, 1]
• Level-10: [2, 0, 0, 0, 0] ⊕ [0, 0, 0, 1, 1] ⊕ [4, 0, 0, 0, 0] ⊕ (2)[0, 2, 0, 0, 0] ⊕ (2)[1, 0, 1, 0, 0] ⊕
(3)[1, 0, 0, 2, 0]⊕ [1, 0, 0, 0, 2]⊕ (2)[2, 1, 0, 0, 0]⊕ [0, 0, 0, 4, 0]⊕ (2)[0, 0, 2, 0, 0]⊕ (3)[0, 1, 0, 1, 1]⊕
(2)[0, 0, 1, 2, 0] ⊕ (4)[2, 0, 0, 1, 1] ⊕ [0, 0, 0, 2, 2] ⊕ [3, 0, 1, 0, 0] ⊕ [2, 2, 0, 0, 0] ⊕ [3, 0, 0, 2, 0] ⊕
[3, 0, 0, 0, 2] ⊕ (3)[1, 1, 1, 0, 0] ⊕ (3)[1, 1, 0, 2, 0] ⊕ [1, 1, 0, 0, 2] ⊕ [1, 0, 0, 3, 1] ⊕ (2)[1, 0, 1, 1, 1] ⊕
[0, 2, 0, 1, 1]⊕ [2, 0, 2, 0, 0]⊕ [0, 1, 1, 2, 0]⊕ [2, 1, 0, 1, 1]
• Level-11: [1, 0, 0, 0, 1] ⊕ (3)[0, 1, 0, 1, 0] ⊕ (2)[2, 0, 0, 1, 0] ⊕ [0, 0, 1, 0, 1] ⊕ (2)[0, 0, 0, 2, 1] ⊕
[3, 0, 0, 0, 1]⊕ (3)[1, 1, 0, 0, 1]⊕ (2)[1, 0, 0, 3, 0]⊕ (2)[0, 2, 0, 1, 0]⊕ (4)[1, 0, 1, 1, 0]⊕ [1, 0, 0, 1, 2]⊕
(2)[2, 1, 0, 1, 0] ⊕ [0, 1, 1, 0, 1] ⊕ [0, 0, 1, 3, 0] ⊕ (2)[0, 1, 0, 2, 1] ⊕ [2, 0, 1, 0, 1] ⊕ [1, 2, 0, 0, 1] ⊕
[2, 0, 0, 2, 1]⊕ [1, 1, 1, 1, 0]
• Level-12: (2)[0, 0, 1, 0, 0] ⊕ [0, 0, 0, 2, 0] ⊕ (2)[1, 1, 0, 0, 0] ⊕ (3)[1, 0, 0, 1, 1] ⊕ (2)[0, 1, 1, 0, 0] ⊕
(3)[0, 1, 0, 2, 0] ⊕ [0, 1, 0, 0, 2] ⊕ (2)[2, 0, 1, 0, 0] ⊕ [1, 2, 0, 0, 0] ⊕ [2, 0, 0, 2, 0] ⊕ [0, 0, 0, 3, 1] ⊕
[0, 0, 1, 1, 1]⊕ [0, 2, 1, 0, 0]⊕ (2)[1, 1, 0, 1, 1]⊕ [1, 0, 1, 2, 0]
• Level-13: [0, 0, 0, 0, 1] ⊕ (2)[1, 0, 0, 1, 0] ⊕ (2)[0, 1, 0, 0, 1] ⊕ [0, 0, 0, 3, 0] ⊕ [2, 0, 0, 0, 1] ⊕
(2)[0, 0, 1, 1, 0] ⊕ [0, 0, 0, 1, 2] ⊕ (2)[1, 1, 0, 1, 0] ⊕ [0, 2, 0, 0, 1] ⊕ [1, 0, 1, 0, 1] ⊕ [1, 0, 0, 2, 1] ⊕
[0, 1, 1, 1, 0]
• Level-14: [0, 0, 0, 0, 0]⊕ [0, 1, 0, 0, 0]⊕ [2, 0, 0, 0, 0]⊕(2)[0, 0, 0, 1, 1]⊕ [0, 2, 0, 0, 0]⊕ [1, 0, 1, 0, 0]⊕
[1, 0, 0, 2, 0]⊕ [1, 0, 0, 0, 2]⊕ [0, 0, 2, 0, 0]⊕ [0, 1, 0, 1, 1]
• Level-15: [0, 0, 0, 1, 0]⊕ [1, 0, 0, 0, 1]⊕ [0, 1, 0, 1, 0]⊕ [0, 0, 1, 0, 1]
• Level-16: [0, 0, 1, 0, 0]
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B.2 Dynkin Label Library of V[1,0,1,0,1]
• Level-0: [1, 0, 1, 0, 1]
• Level-1: [1, 0, 1, 0, 0] ⊕ [1, 0, 0, 0, 2] ⊕ [0, 0, 2, 0, 0] ⊕ [0, 1, 0, 1, 1] ⊕ [0, 0, 1, 0, 2] ⊕ [2, 0, 0, 1, 1] ⊕
[1, 1, 1, 0, 0]⊕ [1, 1, 0, 0, 2]⊕ [1, 0, 1, 1, 1]
• Level-2: [1, 0, 0, 0, 1]⊕ [0, 1, 0, 1, 0]⊕ [0, 0, 0, 0, 3]⊕ [2, 0, 0, 1, 0]⊕ (2)[0, 0, 1, 0, 1]⊕ [0, 0, 0, 2, 1]⊕
[3, 0, 0, 0, 1] ⊕ (3)[1, 1, 0, 0, 1] ⊕ [0, 2, 0, 1, 0] ⊕ (3)[1, 0, 1, 1, 0] ⊕ (3)[1, 0, 0, 1, 2] ⊕ [2, 1, 0, 1, 0] ⊕
[0, 1, 0, 0, 3] ⊕ [2, 0, 0, 0, 3] ⊕ (3)[0, 1, 1, 0, 1] ⊕ [0, 0, 2, 1, 0] ⊕ [0, 1, 0, 2, 1] ⊕ (2)[2, 0, 1, 0, 1] ⊕
[1, 2, 0, 0, 1]⊕ [2, 0, 0, 2, 1]⊕ [0, 0, 1, 1, 2]⊕ [1, 1, 1, 1, 0]⊕ [1, 0, 2, 0, 1]⊕ [1, 1, 0, 1, 2]
• Level-3: [0, 0, 1, 0, 0]⊕[0, 0, 0, 2, 0]⊕[0, 0, 0, 0, 2]⊕[3, 0, 0, 0, 0]⊕(2)[1, 1, 0, 0, 0]⊕(5)[1, 0, 0, 1, 1]⊕
(4)[0, 1, 1, 0, 0]⊕(3)[0, 1, 0, 2, 0]⊕(4)[0, 1, 0, 0, 2]⊕(4)[2, 0, 1, 0, 0]⊕(2)[1, 2, 0, 0, 0]⊕[3, 1, 0, 0, 0]⊕
(2)[2, 0, 0, 2, 0]⊕ (4)[2, 0, 0, 0, 2]⊕ [0, 0, 0, 3, 1]⊕ (2)[0, 0, 0, 1, 3]⊕ (5)[0, 0, 1, 1, 1]⊕ [1, 0, 0, 0, 4]⊕
(4)[1, 0, 2, 0, 0]⊕(2)[3, 0, 0, 1, 1]⊕(2)[0, 2, 1, 0, 0]⊕(7)[1, 1, 0, 1, 1]⊕[0, 2, 0, 2, 0]⊕(2)[0, 2, 0, 0, 2]⊕
(2)[1, 0, 1, 2, 0]⊕ (5)[1, 0, 1, 0, 2]⊕ (2)[1, 0, 0, 2, 2]⊕ (2)[2, 1, 1, 0, 0]⊕ [0, 0, 3, 0, 0]⊕ [2, 1, 0, 2, 0]⊕
(2)[2, 1, 0, 0, 2] ⊕ [0, 0, 2, 0, 2] ⊕ [0, 1, 0, 1, 3] ⊕ (3)[0, 1, 1, 1, 1] ⊕ [2, 0, 0, 1, 3] ⊕ (2)[2, 0, 1, 1, 1] ⊕
[1, 1, 2, 0, 0]⊕ [1, 2, 0, 1, 1]⊕ [1, 1, 1, 0, 2]
• Level-4: (2)[1, 0, 0, 1, 0]⊕ (4)[0, 1, 0, 0, 1]⊕ (2)[0, 0, 0, 3, 0]⊕ (4)[2, 0, 0, 0, 1]⊕ (5)[0, 0, 1, 1, 0]⊕
(4)[0, 0, 0, 1, 2]⊕(3)[3, 0, 0, 1, 0]⊕(8)[1, 1, 0, 1, 0]⊕(4)[1, 0, 0, 0, 3]⊕[4, 0, 0, 0, 1]⊕(5)[0, 2, 0, 0, 1]⊕
(11)[1, 0, 1, 0, 1] ⊕ (7)[1, 0, 0, 2, 1] ⊕ (7)[2, 1, 0, 0, 1] ⊕ (2)[0, 1, 0, 3, 0] ⊕ [2, 0, 0, 3, 0] ⊕
(8)[0, 1, 1, 1, 0] ⊕ (3)[0, 0, 1, 0, 3] ⊕ (5)[0, 0, 2, 0, 1] ⊕ (8)[0, 1, 0, 1, 2] ⊕ (7)[2, 0, 1, 1, 0] ⊕
[0, 0, 0, 2, 3]⊕ (4)[1, 2, 0, 1, 0]⊕ (2)[3, 1, 0, 1, 0]⊕ (7)[2, 0, 0, 1, 2]⊕ (3)[0, 0, 1, 2, 1]⊕ [0, 3, 0, 0, 1]⊕
[3, 0, 0, 0, 3] ⊕ (4)[1, 1, 0, 0, 3] ⊕ (3)[3, 0, 1, 0, 1] ⊕ (9)[1, 1, 1, 0, 1] ⊕ [2, 2, 0, 0, 1] ⊕ [3, 0, 0, 2, 1] ⊕
[1, 0, 0, 1, 4]⊕(3)[1, 0, 2, 1, 0]⊕(4)[1, 1, 0, 2, 1]⊕(2)[0, 2, 1, 1, 0]⊕(4)[1, 0, 1, 1, 2]⊕(2)[0, 2, 0, 1, 2]⊕
(2)[0, 1, 2, 0, 1] ⊕ [0, 1, 1, 0, 3] ⊕ (2)[2, 1, 1, 1, 0] ⊕ [2, 0, 2, 0, 1] ⊕ (2)[2, 1, 0, 1, 2] ⊕ [2, 0, 1, 0, 3] ⊕
[1, 2, 1, 0, 1]
• Level-5: [0, 1, 0, 0, 0] ⊕ [2, 0, 0, 0, 0] ⊕ (3)[0, 0, 0, 1, 1] ⊕ [4, 0, 0, 0, 0] ⊕ (4)[0, 2, 0, 0, 0] ⊕
(7)[1, 0, 1, 0, 0]⊕ (6)[1, 0, 0, 2, 0]⊕ (5)[1, 0, 0, 0, 2]⊕ (5)[2, 1, 0, 0, 0]⊕ [0, 0, 0, 4, 0]⊕ [0, 0, 0, 0, 4]⊕
(6)[0, 0, 2, 0, 0] ⊕ (13)[0, 1, 0, 1, 1] ⊕ (6)[0, 0, 1, 2, 0] ⊕ (7)[0, 0, 1, 0, 2] ⊕ (2)[0, 3, 0, 0, 0] ⊕
(12)[2, 0, 0, 1, 1] ⊕ (5)[0, 0, 0, 2, 2] ⊕ [4, 1, 0, 0, 0] ⊕ (6)[3, 0, 1, 0, 0] ⊕ (3)[2, 2, 0, 0, 0] ⊕
(3)[3, 0, 0, 2, 0] ⊕ (5)[3, 0, 0, 0, 2] ⊕ (13)[1, 1, 1, 0, 0] ⊕ (9)[1, 1, 0, 2, 0] ⊕ (12)[1, 1, 0, 0, 2] ⊕
(3)[1, 0, 0, 3, 1] ⊕ (7)[1, 0, 0, 1, 3] ⊕ (2)[0, 1, 0, 0, 4] ⊕ (6)[0, 1, 2, 0, 0] ⊕ (16)[1, 0, 1, 1, 1] ⊕
(9)[0, 2, 0, 1, 1] ⊕ (2)[4, 0, 0, 1, 1] ⊕ (2)[2, 0, 0, 0, 4] ⊕ (6)[2, 0, 2, 0, 0] ⊕ (4)[0, 1, 1, 2, 0] ⊕
(8)[0, 1, 1, 0, 2] ⊕ (11)[2, 1, 0, 1, 1] ⊕ (4)[1, 2, 1, 0, 0] ⊕ (4)[0, 1, 0, 2, 2] ⊕ (3)[2, 0, 1, 2, 0] ⊕
(8)[2, 0, 1, 0, 2] ⊕ (2)[3, 1, 1, 0, 0] ⊕ (3)[0, 0, 2, 1, 1] ⊕ (2)[0, 0, 1, 1, 3] ⊕ (2)[1, 2, 0, 2, 0] ⊕
(4)[1, 2, 0, 0, 2] ⊕ (3)[2, 0, 0, 2, 2] ⊕ [3, 1, 0, 2, 0] ⊕ (2)[3, 1, 0, 0, 2] ⊕ [1, 0, 3, 0, 0] ⊕ [0, 3, 0, 1, 1] ⊕
[0, 2, 2, 0, 0] ⊕ [1, 0, 1, 0, 4] ⊕ [3, 0, 0, 1, 3] ⊕ (3)[1, 1, 0, 1, 3] ⊕ (2)[1, 0, 2, 0, 2] ⊕ (2)[3, 0, 1, 1, 1] ⊕
(6)[1, 1, 1, 1, 1]⊕ [0, 2, 1, 0, 2]⊕ [2, 2, 0, 1, 1]⊕ [2, 1, 2, 0, 0]⊕ [2, 1, 1, 0, 2]
• Level-6: [0, 0, 0, 1, 0] ⊕ (3)[1, 0, 0, 0, 1] ⊕ (7)[0, 1, 0, 1, 0] ⊕ (2)[0, 0, 0, 0, 3] ⊕ (6)[2, 0, 0, 1, 0] ⊕
(7)[0, 0, 1, 0, 1] ⊕ (7)[0, 0, 0, 2, 1] ⊕ (6)[3, 0, 0, 0, 1] ⊕ (13)[1, 1, 0, 0, 1] ⊕ (5)[1, 0, 0, 3, 0] ⊕
(3)[4, 0, 0, 1, 0] ⊕ (10)[0, 2, 0, 1, 0] ⊕ (17)[1, 0, 1, 1, 0] ⊕ (14)[1, 0, 0, 1, 2] ⊕ (12)[2, 1, 0, 1, 0] ⊕
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(6)[0, 1, 0, 0, 3] ⊕ [5, 0, 0, 0, 1] ⊕ (7)[2, 0, 0, 0, 3] ⊕ (16)[0, 1, 1, 0, 1] ⊕ (2)[0, 0, 0, 1, 4] ⊕
(2)[0, 0, 1, 3, 0] ⊕ (7)[0, 0, 2, 1, 0] ⊕ (13)[0, 1, 0, 2, 1] ⊕ (17)[2, 0, 1, 0, 1] ⊕ (2)[0, 0, 0, 3, 2] ⊕
(11)[1, 2, 0, 0, 1] ⊕ (7)[3, 1, 0, 0, 1] ⊕ (11)[2, 0, 0, 2, 1] ⊕ (9)[0, 0, 1, 1, 2] ⊕ [1, 0, 0, 0, 5] ⊕
(3)[0, 3, 0, 1, 0]⊕ [3, 0, 0, 3, 0]⊕(3)[1, 1, 0, 3, 0]⊕(7)[3, 0, 1, 1, 0]⊕ [4, 1, 0, 1, 0]⊕(16)[1, 1, 1, 1, 0]⊕
(4)[2, 2, 0, 1, 0] ⊕ (7)[3, 0, 0, 1, 2] ⊕ (10)[1, 0, 2, 0, 1] ⊕ (6)[1, 0, 1, 0, 3] ⊕ (3)[0, 2, 0, 0, 3] ⊕
(16)[1, 1, 0, 1, 2]⊕ [4, 0, 0, 0, 3]⊕(6)[0, 2, 1, 0, 1]⊕(3)[1, 0, 0, 2, 3]⊕ [1, 3, 0, 0, 1]⊕(2)[4, 0, 1, 0, 1]⊕
(6)[1, 0, 1, 2, 1] ⊕ (4)[0, 2, 0, 2, 1] ⊕ (4)[2, 1, 0, 0, 3] ⊕ [0, 0, 3, 0, 1] ⊕ [3, 2, 0, 0, 1] ⊕ [4, 0, 0, 2, 1] ⊕
(3)[0, 1, 2, 1, 0] ⊕ [0, 1, 0, 1, 4] ⊕ [0, 0, 2, 0, 3] ⊕ (9)[2, 1, 1, 0, 1] ⊕ (3)[2, 0, 2, 1, 0] ⊕ [2, 0, 0, 1, 4] ⊕
(4)[2, 1, 0, 2, 1]⊕(4)[0, 1, 1, 1, 2]⊕(2)[1, 2, 1, 1, 0]⊕(4)[2, 0, 1, 1, 2]⊕[3, 1, 1, 1, 0]⊕(2)[1, 2, 0, 1, 2]⊕
[3, 1, 0, 1, 2]⊕ [3, 0, 2, 0, 1]⊕ (2)[1, 1, 2, 0, 1]⊕ [1, 1, 1, 0, 3]
• Level-7: [1, 0, 0, 0, 0] ⊕ (4)[0, 0, 1, 0, 0] ⊕ (3)[0, 0, 0, 2, 0] ⊕ (2)[0, 0, 0, 0, 2] ⊕ (2)[3, 0, 0, 0, 0] ⊕
(5)[1, 1, 0, 0, 0] ⊕ (13)[1, 0, 0, 1, 1] ⊕ [5, 0, 0, 0, 0] ⊕ (12)[0, 1, 1, 0, 0] ⊕ (11)[0, 1, 0, 2, 0] ⊕
(9)[0, 1, 0, 0, 2] ⊕ (12)[2, 0, 1, 0, 0] ⊕ (8)[1, 2, 0, 0, 0] ⊕ (5)[3, 1, 0, 0, 0] ⊕ (9)[2, 0, 0, 2, 0] ⊕
(9)[2, 0, 0, 0, 2] ⊕ (5)[0, 0, 0, 3, 1] ⊕ (5)[0, 0, 0, 1, 3] ⊕ (15)[0, 0, 1, 1, 1] ⊕ [1, 0, 0, 4, 0] ⊕
(3)[1, 0, 0, 0, 4] ⊕ (13)[1, 0, 2, 0, 0] ⊕ (12)[3, 0, 0, 1, 1] ⊕ (10)[0, 2, 1, 0, 0] ⊕ (28)[1, 1, 0, 1, 1] ⊕
(3)[1, 3, 0, 0, 0] ⊕ (4)[4, 0, 1, 0, 0] ⊕ (8)[0, 2, 0, 2, 0] ⊕ (9)[0, 2, 0, 0, 2] ⊕ (13)[1, 0, 1, 2, 0] ⊕
(15)[1, 0, 1, 0, 2] ⊕ (2)[3, 2, 0, 0, 0] ⊕ (2)[4, 0, 0, 2, 0] ⊕ (4)[4, 0, 0, 0, 2] ⊕ (12)[1, 0, 0, 2, 2] ⊕
(14)[2, 1, 1, 0, 0]⊕(3)[0, 0, 3, 0, 0]⊕(9)[2, 1, 0, 2, 0]⊕(13)[2, 1, 0, 0, 2]⊕[0, 0, 1, 0, 4]⊕[0, 0, 0, 2, 4]⊕
(2)[0, 0, 2, 2, 0] ⊕ (4)[0, 0, 2, 0, 2] ⊕ (4)[0, 1, 0, 3, 1] ⊕ (7)[0, 1, 0, 1, 3] ⊕ (16)[0, 1, 1, 1, 1] ⊕
[5, 0, 0, 1, 1] ⊕ (3)[2, 0, 0, 3, 1] ⊕ (7)[2, 0, 0, 1, 3] ⊕ [0, 3, 1, 0, 0] ⊕ (3)[0, 0, 1, 2, 2] ⊕ [3, 0, 0, 0, 4] ⊕
(17)[2, 0, 1, 1, 1]⊕(4)[3, 0, 2, 0, 0]⊕(2)[1, 1, 0, 0, 4]⊕ [0, 3, 0, 2, 0]⊕ [0, 3, 0, 0, 2]⊕(7)[1, 1, 2, 0, 0]⊕
(11)[1, 2, 0, 1, 1] ⊕ (7)[3, 1, 0, 1, 1] ⊕ [4, 1, 1, 0, 0] ⊕ (2)[2, 2, 1, 0, 0] ⊕ (2)[3, 0, 1, 2, 0] ⊕
(5)[3, 0, 1, 0, 2]⊕ (5)[1, 1, 1, 2, 0]⊕ (9)[1, 1, 1, 0, 2]⊕ [4, 1, 0, 0, 2]⊕ [2, 2, 0, 2, 0]⊕ (2)[2, 2, 0, 0, 2]⊕
(2)[3, 0, 0, 2, 2]⊕ [0, 1, 3, 0, 0]⊕ (5)[1, 1, 0, 2, 2]⊕ (4)[1, 0, 2, 1, 1]⊕ (2)[1, 0, 1, 1, 3]⊕ [0, 2, 0, 1, 3]⊕
[2, 0, 3, 0, 0] ⊕ (2)[0, 2, 1, 1, 1] ⊕ [0, 1, 2, 0, 2] ⊕ [4, 0, 1, 1, 1] ⊕ [2, 1, 0, 1, 3] ⊕ [2, 0, 2, 0, 2] ⊕
(3)[2, 1, 1, 1, 1]
• Level-8: (2)[0, 0, 0, 0, 1]⊕ (5)[1, 0, 0, 1, 0]⊕ (8)[0, 1, 0, 0, 1]⊕ (3)[0, 0, 0, 3, 0]⊕ (6)[2, 0, 0, 0, 1]⊕
(10)[0, 0, 1, 1, 0] ⊕ (7)[0, 0, 0, 1, 2] ⊕ (6)[3, 0, 0, 1, 0] ⊕ (16)[1, 1, 0, 1, 0] ⊕ (5)[1, 0, 0, 0, 3] ⊕
(4)[4, 0, 0, 0, 1] ⊕ (12)[0, 2, 0, 0, 1] ⊕ (19)[1, 0, 1, 0, 1] ⊕ (17)[1, 0, 0, 2, 1] ⊕ (15)[2, 1, 0, 0, 1] ⊕
(6)[0, 1, 0, 3, 0]⊕ [5, 0, 0, 1, 0]⊕(5)[2, 0, 0, 3, 0]⊕(19)[0, 1, 1, 1, 0]⊕ [0, 0, 0, 4, 1]⊕(4)[0, 0, 1, 0, 3]⊕
(8)[0, 0, 2, 0, 1] ⊕ (17)[0, 1, 0, 1, 2] ⊕ (19)[2, 0, 1, 1, 0] ⊕ (4)[0, 0, 0, 2, 3] ⊕ (14)[1, 2, 0, 1, 0] ⊕
(8)[3, 1, 0, 1, 0] ⊕ (16)[2, 0, 0, 1, 2] ⊕ (10)[0, 0, 1, 2, 1] ⊕ (5)[0, 3, 0, 0, 1] ⊕ (4)[3, 0, 0, 0, 3] ⊕
(8)[1, 1, 0, 0, 3] ⊕ (12)[3, 0, 1, 0, 1] ⊕ (3)[4, 1, 0, 0, 1] ⊕ (22)[1, 1, 1, 0, 1] ⊕ (7)[2, 2, 0, 0, 1] ⊕
(7)[3, 0, 0, 2, 1] ⊕ (2)[1, 0, 0, 1, 4] ⊕ (10)[1, 0, 2, 1, 0] ⊕ (3)[1, 0, 1, 3, 0] ⊕ (2)[0, 2, 0, 3, 0] ⊕
(18)[1, 1, 0, 2, 1] ⊕ (7)[0, 2, 1, 1, 0] ⊕ (3)[1, 0, 0, 3, 2] ⊕ (2)[1, 3, 0, 1, 0] ⊕ (3)[4, 0, 1, 1, 0] ⊕
(12)[1, 0, 1, 1, 2]⊕(7)[0, 2, 0, 1, 2]⊕(2)[2, 1, 0, 3, 0]⊕ [0, 0, 3, 1, 0]⊕ [3, 2, 0, 1, 0]⊕(3)[4, 0, 0, 1, 2]⊕
(5)[0, 1, 2, 0, 1] ⊕ (2)[0, 1, 1, 0, 3] ⊕ (10)[2, 1, 1, 1, 0] ⊕ (2)[0, 1, 0, 2, 3] ⊕ (6)[2, 0, 2, 0, 1] ⊕
(10)[2, 1, 0, 1, 2]⊕ (3)[2, 0, 1, 0, 3]⊕ [5, 0, 1, 0, 1]⊕ (4)[0, 1, 1, 2, 1]⊕ [0, 0, 2, 1, 2]⊕ [1, 2, 0, 0, 3]⊕
[2, 0, 0, 2, 3]⊕ [3, 1, 0, 0, 3]⊕ (3)[1, 2, 1, 0, 1]⊕ (4)[2, 0, 1, 2, 1]⊕ (3)[3, 1, 1, 0, 1]⊕ (2)[1, 2, 0, 2, 1]⊕
[3, 1, 0, 2, 1]⊕ [3, 0, 2, 1, 0]⊕ (2)[1, 1, 2, 1, 0]⊕ [1, 0, 3, 0, 1]⊕ [3, 0, 1, 1, 2]⊕ (2)[1, 1, 1, 1, 2]
• Level-9: [0, 0, 0, 0, 0] ⊕ (3)[0, 1, 0, 0, 0] ⊕ (2)[2, 0, 0, 0, 0] ⊕ (6)[0, 0, 0, 1, 1] ⊕ [4, 0, 0, 0, 0] ⊕
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(6)[0, 2, 0, 0, 0] ⊕ (10)[1, 0, 1, 0, 0] ⊕ (8)[1, 0, 0, 2, 0] ⊕ (7)[1, 0, 0, 0, 2] ⊕ (6)[2, 1, 0, 0, 0] ⊕
[0, 0, 0, 4, 0]⊕ [0, 0, 0, 0, 4]⊕(8)[0, 0, 2, 0, 0]⊕(19)[0, 1, 0, 1, 1]⊕(9)[0, 0, 1, 2, 0]⊕(8)[0, 0, 1, 0, 2]⊕
(5)[0, 3, 0, 0, 0] ⊕ (16)[2, 0, 0, 1, 1] ⊕ (8)[0, 0, 0, 2, 2] ⊕ (2)[4, 1, 0, 0, 0] ⊕ (8)[3, 0, 1, 0, 0] ⊕
(6)[2, 2, 0, 0, 0] ⊕ (6)[3, 0, 0, 2, 0] ⊕ (6)[3, 0, 0, 0, 2] ⊕ (19)[1, 1, 1, 0, 0] ⊕ (16)[1, 1, 0, 2, 0] ⊕
(15)[1, 1, 0, 0, 2]⊕ (8)[1, 0, 0, 3, 1]⊕ (8)[1, 0, 0, 1, 3]⊕ [0, 4, 0, 0, 0]⊕ [0, 1, 0, 4, 0]⊕ [0, 1, 0, 0, 4]⊕
(8)[0, 1, 2, 0, 0] ⊕ (24)[1, 0, 1, 1, 1] ⊕ (16)[0, 2, 0, 1, 1] ⊕ (5)[4, 0, 0, 1, 1] ⊕ [2, 0, 0, 4, 0] ⊕
[2, 0, 0, 0, 4] ⊕ [5, 0, 1, 0, 0] ⊕ (9)[2, 0, 2, 0, 0] ⊕ [2, 3, 0, 0, 0] ⊕ [5, 0, 0, 0, 2] ⊕ (9)[0, 1, 1, 2, 0] ⊕
(9)[0, 1, 1, 0, 2] ⊕ (20)[2, 1, 0, 1, 1] ⊕ [0, 0, 0, 3, 3] ⊕ (8)[1, 2, 1, 0, 0] ⊕ (9)[0, 1, 0, 2, 2] ⊕
(9)[2, 0, 1, 2, 0] ⊕ (10)[2, 0, 1, 0, 2] ⊕ (5)[3, 1, 1, 0, 0] ⊕ (5)[0, 0, 2, 1, 1] ⊕ (2)[0, 0, 1, 3, 1] ⊕
(2)[0, 0, 1, 1, 3] ⊕ (6)[1, 2, 0, 2, 0] ⊕ (7)[1, 2, 0, 0, 2] ⊕ (8)[2, 0, 0, 2, 2] ⊕ (3)[3, 1, 0, 2, 0] ⊕
(5)[3, 1, 0, 0, 2]⊕ (2)[1, 0, 3, 0, 0]⊕ (2)[0, 3, 0, 1, 1]⊕ [0, 2, 2, 0, 0]⊕ [3, 0, 0, 3, 1]⊕ (2)[3, 0, 0, 1, 3]⊕
(3)[1, 1, 0, 3, 1]⊕(4)[1, 1, 0, 1, 3]⊕(2)[1, 0, 2, 2, 0]⊕(2)[1, 0, 2, 0, 2]⊕[4, 0, 2, 0, 0]⊕(6)[3, 0, 1, 1, 1]⊕
(12)[1, 1, 1, 1, 1]⊕ [4, 1, 0, 1, 1]⊕ [0, 2, 1, 2, 0]⊕ [0, 2, 1, 0, 2]⊕ (3)[2, 2, 0, 1, 1]⊕ (2)[2, 1, 2, 0, 0]⊕
[4, 0, 1, 0, 2] ⊕ (2)[1, 0, 1, 2, 2] ⊕ [0, 2, 0, 2, 2] ⊕ [2, 1, 1, 2, 0] ⊕ (2)[2, 1, 1, 0, 2] ⊕ [0, 1, 2, 1, 1] ⊕
[2, 1, 0, 2, 2]⊕ [2, 0, 2, 1, 1]
• Level-10: (2)[0, 0, 0, 1, 0]⊕ (5)[1, 0, 0, 0, 1]⊕ (8)[0, 1, 0, 1, 0]⊕ (3)[0, 0, 0, 0, 3]⊕ (6)[2, 0, 0, 1, 0]⊕
(9)[0, 0, 1, 0, 1] ⊕ (7)[0, 0, 0, 2, 1] ⊕ (4)[3, 0, 0, 0, 1] ⊕ (14)[1, 1, 0, 0, 1] ⊕ (5)[1, 0, 0, 3, 0] ⊕
(2)[4, 0, 0, 1, 0] ⊕ (11)[0, 2, 0, 1, 0] ⊕ (17)[1, 0, 1, 1, 0] ⊕ (14)[1, 0, 0, 1, 2] ⊕ (12)[2, 1, 0, 1, 0] ⊕
(5)[0, 1, 0, 0, 3]⊕ [5, 0, 0, 0, 1]⊕(4)[2, 0, 0, 0, 3]⊕(16)[0, 1, 1, 0, 1]⊕ [0, 0, 0, 1, 4]⊕(3)[0, 0, 1, 3, 0]⊕
(7)[0, 0, 2, 1, 0] ⊕ (14)[0, 1, 0, 2, 1] ⊕ (14)[2, 0, 1, 0, 1] ⊕ (3)[0, 0, 0, 3, 2] ⊕ (12)[1, 2, 0, 0, 1] ⊕
(6)[3, 1, 0, 0, 1] ⊕ (13)[2, 0, 0, 2, 1] ⊕ (8)[0, 0, 1, 1, 2] ⊕ (4)[0, 3, 0, 1, 0] ⊕ (2)[3, 0, 0, 3, 0] ⊕
(5)[1, 1, 0, 3, 0] ⊕ (7)[3, 0, 1, 1, 0] ⊕ [4, 1, 0, 1, 0] ⊕ (17)[1, 1, 1, 1, 0] ⊕ (5)[2, 2, 0, 1, 0] ⊕
(6)[3, 0, 0, 1, 2] ⊕ [1, 0, 0, 4, 1] ⊕ (7)[1, 0, 2, 0, 1] ⊕ (2)[1, 0, 1, 0, 3] ⊕ (2)[0, 2, 0, 0, 3] ⊕
(15)[1, 1, 0, 1, 2] ⊕ [4, 0, 0, 0, 3] ⊕ (6)[0, 2, 1, 0, 1] ⊕ (3)[1, 0, 0, 2, 3] ⊕ (2)[1, 3, 0, 0, 1] ⊕
(2)[4, 0, 1, 0, 1]⊕ (9)[1, 0, 1, 2, 1]⊕ (5)[0, 2, 0, 2, 1]⊕ (2)[2, 1, 0, 0, 3]⊕ [3, 2, 0, 0, 1]⊕ [4, 0, 0, 2, 1]⊕
(3)[0, 1, 2, 1, 0]⊕ [0, 1, 1, 3, 0]⊕ (8)[2, 1, 1, 0, 1]⊕ [0, 1, 0, 3, 2]⊕ (3)[2, 0, 2, 1, 0]⊕ (6)[2, 1, 0, 2, 1]⊕
[2, 0, 1, 3, 0] ⊕ (3)[0, 1, 1, 1, 2] ⊕ [0, 0, 2, 2, 1] ⊕ [2, 0, 0, 3, 2] ⊕ (2)[1, 2, 1, 1, 0] ⊕ (3)[2, 0, 1, 1, 2] ⊕
[3, 1, 1, 1, 0]⊕ (2)[1, 2, 0, 1, 2]⊕ [3, 1, 0, 1, 2]⊕ [3, 0, 2, 0, 1]⊕ [1, 1, 2, 0, 1]⊕ [1, 1, 1, 2, 1]
• Level-11: [1, 0, 0, 0, 0] ⊕ (4)[0, 0, 1, 0, 0] ⊕ (2)[0, 0, 0, 2, 0] ⊕ (3)[0, 0, 0, 0, 2] ⊕ [3, 0, 0, 0, 0] ⊕
(5)[1, 1, 0, 0, 0] ⊕ (11)[1, 0, 0, 1, 1] ⊕ (10)[0, 1, 1, 0, 0] ⊕ (7)[0, 1, 0, 2, 0] ⊕ (9)[0, 1, 0, 0, 2] ⊕
(8)[2, 0, 1, 0, 0] ⊕ (6)[1, 2, 0, 0, 0] ⊕ (2)[3, 1, 0, 0, 0] ⊕ (6)[2, 0, 0, 2, 0] ⊕ (6)[2, 0, 0, 0, 2] ⊕
(3)[0, 0, 0, 3, 1]⊕(4)[0, 0, 0, 1, 3]⊕(11)[0, 0, 1, 1, 1]⊕ [1, 0, 0, 4, 0]⊕ [1, 0, 0, 0, 4]⊕(8)[1, 0, 2, 0, 0]⊕
(6)[3, 0, 0, 1, 1] ⊕ (7)[0, 2, 1, 0, 0] ⊕ (19)[1, 1, 0, 1, 1] ⊕ (2)[1, 3, 0, 0, 0] ⊕ [4, 0, 1, 0, 0] ⊕
(5)[0, 2, 0, 2, 0]⊕ (6)[0, 2, 0, 0, 2]⊕ (9)[1, 0, 1, 2, 0]⊕ (9)[1, 0, 1, 0, 2]⊕ [3, 2, 0, 0, 0]⊕ [4, 0, 0, 2, 0]⊕
[4, 0, 0, 0, 2]⊕ (8)[1, 0, 0, 2, 2]⊕ (8)[2, 1, 1, 0, 0]⊕ [0, 0, 3, 0, 0]⊕ (6)[2, 1, 0, 2, 0]⊕ (6)[2, 1, 0, 0, 2]⊕
(2)[0, 0, 2, 2, 0] ⊕ [0, 0, 2, 0, 2] ⊕ (3)[0, 1, 0, 3, 1] ⊕ (3)[0, 1, 0, 1, 3] ⊕ (10)[0, 1, 1, 1, 1] ⊕
(3)[2, 0, 0, 3, 1]⊕ (2)[2, 0, 0, 1, 3]⊕ [0, 3, 1, 0, 0]⊕ (2)[0, 0, 1, 2, 2]⊕ (9)[2, 0, 1, 1, 1]⊕ [3, 0, 2, 0, 0]⊕
[0, 3, 0, 0, 2] ⊕ (3)[1, 1, 2, 0, 0] ⊕ (7)[1, 2, 0, 1, 1] ⊕ (3)[3, 1, 0, 1, 1] ⊕ [2, 2, 1, 0, 0] ⊕ [3, 0, 1, 2, 0] ⊕
[3, 0, 1, 0, 2] ⊕ (3)[1, 1, 1, 2, 0] ⊕ (3)[1, 1, 1, 0, 2] ⊕ [2, 2, 0, 0, 2] ⊕ [3, 0, 0, 2, 2] ⊕ (3)[1, 1, 0, 2, 2] ⊕
[1, 0, 2, 1, 1]⊕ [1, 0, 1, 3, 1]⊕ [0, 2, 1, 1, 1]⊕ [2, 1, 1, 1, 1]
• Level-12: [0, 0, 0, 0, 1] ⊕ (3)[1, 0, 0, 1, 0] ⊕ (6)[0, 1, 0, 0, 1] ⊕ [0, 0, 0, 3, 0] ⊕ (4)[2, 0, 0, 0, 1] ⊕
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(5)[0, 0, 1, 1, 0] ⊕ (5)[0, 0, 0, 1, 2] ⊕ (2)[3, 0, 0, 1, 0] ⊕ (8)[1, 1, 0, 1, 0] ⊕ (4)[1, 0, 0, 0, 3] ⊕
(6)[0, 2, 0, 0, 1] ⊕ (11)[1, 0, 1, 0, 1] ⊕ (7)[1, 0, 0, 2, 1] ⊕ (6)[2, 1, 0, 0, 1] ⊕ (2)[0, 1, 0, 3, 0] ⊕
(2)[2, 0, 0, 3, 0] ⊕ (8)[0, 1, 1, 1, 0] ⊕ (2)[0, 0, 1, 0, 3] ⊕ (4)[0, 0, 2, 0, 1] ⊕ (8)[0, 1, 0, 1, 2] ⊕
(7)[2, 0, 1, 1, 0]⊕[0, 0, 0, 2, 3]⊕(5)[1, 2, 0, 1, 0]⊕(2)[3, 1, 0, 1, 0]⊕(6)[2, 0, 0, 1, 2]⊕(4)[0, 0, 1, 2, 1]⊕
(2)[0, 3, 0, 0, 1] ⊕ (2)[1, 1, 0, 0, 3] ⊕ (2)[3, 0, 1, 0, 1] ⊕ (8)[1, 1, 1, 0, 1] ⊕ (2)[2, 2, 0, 0, 1] ⊕
(2)[3, 0, 0, 2, 1]⊕ (3)[1, 0, 2, 1, 0]⊕ [1, 0, 1, 3, 0]⊕ (6)[1, 1, 0, 2, 1]⊕ (2)[0, 2, 1, 1, 0]⊕ [1, 0, 0, 3, 2]⊕
(3)[1, 0, 1, 1, 2]⊕ (2)[0, 2, 0, 1, 2]⊕ [0, 1, 2, 0, 1]⊕ (2)[2, 1, 1, 1, 0]⊕ (2)[2, 1, 0, 1, 2]⊕ [0, 1, 1, 2, 1]⊕
[1, 2, 1, 0, 1]⊕ [2, 0, 1, 2, 1]
• Level-13: [0, 1, 0, 0, 0] ⊕ [2, 0, 0, 0, 0] ⊕ (2)[0, 0, 0, 1, 1] ⊕ (2)[0, 2, 0, 0, 0] ⊕ (4)[1, 0, 1, 0, 0] ⊕
(2)[1, 0, 0, 2, 0]⊕(4)[1, 0, 0, 0, 2]⊕(2)[2, 1, 0, 0, 0]⊕[0, 0, 0, 0, 4]⊕(3)[0, 0, 2, 0, 0]⊕(6)[0, 1, 0, 1, 1]⊕
(2)[0, 0, 1, 2, 0]⊕ (4)[0, 0, 1, 0, 2]⊕ [0, 3, 0, 0, 0]⊕ (5)[2, 0, 0, 1, 1]⊕ (2)[0, 0, 0, 2, 2]⊕ [3, 0, 1, 0, 0]⊕
[2, 2, 0, 0, 0] ⊕ [3, 0, 0, 2, 0] ⊕ [3, 0, 0, 0, 2] ⊕ (5)[1, 1, 1, 0, 0] ⊕ (3)[1, 1, 0, 2, 0] ⊕ (5)[1, 1, 0, 0, 2] ⊕
[1, 0, 0, 3, 1]⊕ (2)[1, 0, 0, 1, 3]⊕ (2)[0, 1, 2, 0, 0]⊕ (6)[1, 0, 1, 1, 1]⊕ (3)[0, 2, 0, 1, 1]⊕ [2, 0, 2, 0, 0]⊕
[0, 1, 1, 2, 0] ⊕ (2)[0, 1, 1, 0, 2] ⊕ (3)[2, 1, 0, 1, 1] ⊕ [1, 2, 1, 0, 0] ⊕ [0, 1, 0, 2, 2] ⊕ [2, 0, 1, 2, 0] ⊕
[2, 0, 1, 0, 2]⊕ [0, 0, 2, 1, 1]⊕ [1, 2, 0, 0, 2]⊕ [2, 0, 0, 2, 2]⊕ [1, 1, 1, 1, 1]
• Level-14: [1, 0, 0, 0, 1]⊕ [0, 1, 0, 1, 0]⊕ [0, 0, 0, 0, 3]⊕ [2, 0, 0, 1, 0]⊕(2)[0, 0, 1, 0, 1]⊕ [0, 0, 0, 2, 1]⊕
[3, 0, 0, 0, 1] ⊕ (3)[1, 1, 0, 0, 1] ⊕ [0, 2, 0, 1, 0] ⊕ (3)[1, 0, 1, 1, 0] ⊕ (3)[1, 0, 0, 1, 2] ⊕ [2, 1, 0, 1, 0] ⊕
[0, 1, 0, 0, 3] ⊕ [2, 0, 0, 0, 3] ⊕ (3)[0, 1, 1, 0, 1] ⊕ [0, 0, 2, 1, 0] ⊕ [0, 1, 0, 2, 1] ⊕ (2)[2, 0, 1, 0, 1] ⊕
[1, 2, 0, 0, 1]⊕ [2, 0, 0, 2, 1]⊕ [0, 0, 1, 1, 2]⊕ [1, 1, 1, 1, 0]⊕ [1, 0, 2, 0, 1]⊕ [1, 1, 0, 1, 2]
• Level-15: [1, 0, 0, 1, 1]⊕ [0, 1, 1, 0, 0]⊕ [0, 1, 0, 0, 2]⊕ [2, 0, 1, 0, 0]⊕ [2, 0, 0, 0, 2]⊕ [0, 0, 1, 1, 1]⊕
[1, 0, 2, 0, 0]⊕ [1, 1, 0, 1, 1]⊕ [1, 0, 1, 0, 2]
• Level-16: [1, 0, 1, 0, 1]
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B.3 Dynkin Label Library of V[3,0,0,0,1]
• Level-0: [3, 0, 0, 0, 1]
• Level-1: [3, 0, 0, 0, 0]⊕ [2, 0, 1, 0, 0]⊕ [3, 1, 0, 0, 0]⊕ [2, 0, 0, 0, 2]⊕ [3, 0, 0, 1, 1]
• Level-2: [2, 0, 0, 0, 1]⊕(2)[3, 0, 0, 1, 0]⊕[1, 1, 0, 1, 0]⊕[4, 0, 0, 0, 1]⊕[1, 0, 1, 0, 1]⊕(2)[2, 1, 0, 0, 1]⊕
[2, 0, 1, 1, 0]⊕ [3, 1, 0, 1, 0]⊕ [2, 0, 0, 1, 2]⊕ [3, 0, 1, 0, 1]
• Level-3: [4, 0, 0, 0, 0]⊕ [0, 2, 0, 0, 0]⊕ [1, 0, 1, 0, 0]⊕ [1, 0, 0, 2, 0]⊕ (2)[2, 1, 0, 0, 0]⊕ [0, 1, 0, 1, 1]⊕
(3)[2, 0, 0, 1, 1] ⊕ [4, 1, 0, 0, 0] ⊕ (3)[3, 0, 1, 0, 0] ⊕ [2, 2, 0, 0, 0] ⊕ [3, 0, 0, 2, 0] ⊕ (2)[3, 0, 0, 0, 2] ⊕
(2)[1, 1, 1, 0, 0] ⊕ [1, 1, 0, 2, 0] ⊕ [1, 1, 0, 0, 2] ⊕ [1, 0, 1, 1, 1] ⊕ [4, 0, 0, 1, 1] ⊕ [2, 0, 2, 0, 0] ⊕
(2)[2, 1, 0, 1, 1]⊕ [2, 0, 1, 0, 2]⊕ [3, 1, 1, 0, 0]⊕ [3, 1, 0, 0, 2]
• Level-4: (2)[0, 1, 0, 1, 0] ⊕ (2)[2, 0, 0, 1, 0] ⊕ [0, 0, 0, 2, 1] ⊕ (3)[3, 0, 0, 0, 1] ⊕ (3)[1, 1, 0, 0, 1] ⊕
[1, 0, 0, 3, 0]⊕ (2)[4, 0, 0, 1, 0]⊕ (2)[0, 2, 0, 1, 0]⊕ (3)[1, 0, 1, 1, 0]⊕ [1, 0, 0, 1, 2]⊕ (4)[2, 1, 0, 1, 0]⊕
[5, 0, 0, 0, 1] ⊕ [2, 0, 0, 0, 3] ⊕ [0, 1, 1, 0, 1] ⊕ [0, 1, 0, 2, 1] ⊕ (4)[2, 0, 1, 0, 1] ⊕ (2)[1, 2, 0, 0, 1] ⊕
(4)[3, 1, 0, 0, 1]⊕ (2)[2, 0, 0, 2, 1]⊕ (2)[3, 0, 1, 1, 0]⊕ [4, 1, 0, 1, 0]⊕ (2)[1, 1, 1, 1, 0]⊕ [2, 2, 0, 1, 0]⊕
(2)[3, 0, 0, 1, 2] ⊕ [1, 0, 2, 0, 1] ⊕ [1, 1, 0, 1, 2] ⊕ [4, 0, 0, 0, 3] ⊕ [4, 0, 1, 0, 1] ⊕ [2, 1, 0, 0, 3] ⊕
[3, 2, 0, 0, 1]⊕ (2)[2, 1, 1, 0, 1]
• Level-5: [0, 0, 1, 0, 0]⊕[0, 0, 0, 2, 0]⊕[3, 0, 0, 0, 0]⊕(2)[1, 1, 0, 0, 0]⊕(3)[1, 0, 0, 1, 1]⊕[5, 0, 0, 0, 0]⊕
(3)[0, 1, 1, 0, 0]⊕(3)[0, 1, 0, 2, 0]⊕[0, 1, 0, 0, 2]⊕(4)[2, 0, 1, 0, 0]⊕(3)[1, 2, 0, 0, 0]⊕(3)[3, 1, 0, 0, 0]⊕
(3)[2, 0, 0, 2, 0]⊕ (2)[2, 0, 0, 0, 2]⊕ [0, 0, 0, 3, 1]⊕ [0, 0, 1, 1, 1]⊕ (2)[1, 0, 2, 0, 0]⊕ (5)[3, 0, 0, 1, 1]⊕
[5, 1, 0, 0, 0] ⊕ (2)[0, 2, 1, 0, 0] ⊕ (6)[1, 1, 0, 1, 1] ⊕ [1, 3, 0, 0, 0] ⊕ (3)[4, 0, 1, 0, 0] ⊕ [0, 2, 0, 2, 0] ⊕
[0, 2, 0, 0, 2] ⊕ (2)[1, 0, 1, 2, 0] ⊕ [1, 0, 1, 0, 2] ⊕ (2)[3, 2, 0, 0, 0] ⊕ [4, 0, 0, 2, 0] ⊕ (3)[4, 0, 0, 0, 2] ⊕
[1, 0, 0, 2, 2] ⊕ (5)[2, 1, 1, 0, 0] ⊕ (2)[2, 1, 0, 2, 0] ⊕ (4)[2, 1, 0, 0, 2] ⊕ [0, 1, 1, 1, 1] ⊕ [5, 0, 0, 1, 1] ⊕
[2, 0, 0, 1, 3] ⊕ [3, 0, 0, 0, 4] ⊕ (3)[2, 0, 1, 1, 1] ⊕ [3, 0, 2, 0, 0] ⊕ [1, 1, 2, 0, 0] ⊕ (2)[1, 2, 0, 1, 1] ⊕
(3)[3, 1, 0, 1, 1] ⊕ [4, 1, 1, 0, 0] ⊕ [2, 2, 1, 0, 0] ⊕ (2)[3, 0, 1, 0, 2] ⊕ [1, 1, 1, 0, 2] ⊕ [4, 1, 0, 0, 2] ⊕
[2, 2, 0, 0, 2]
• Level-6: [0, 0, 0, 0, 1] ⊕ (2)[1, 0, 0, 1, 0] ⊕ (3)[0, 1, 0, 0, 1] ⊕ [0, 0, 0, 3, 0] ⊕ (2)[2, 0, 0, 0, 1] ⊕
(3)[0, 0, 1, 1, 0]⊕[0, 0, 0, 1, 2]⊕(3)[3, 0, 0, 1, 0]⊕(6)[1, 1, 0, 1, 0]⊕(3)[4, 0, 0, 0, 1]⊕(4)[0, 2, 0, 0, 1]⊕
(4)[1, 0, 1, 0, 1]⊕ (4)[1, 0, 0, 2, 1]⊕ (6)[2, 1, 0, 0, 1]⊕ [0, 1, 0, 3, 0]⊕ (2)[5, 0, 0, 1, 0]⊕ [2, 0, 0, 3, 0]⊕
(4)[0, 1, 1, 1, 0]⊕(2)[0, 1, 0, 1, 2]⊕(6)[2, 0, 1, 1, 0]⊕(5)[1, 2, 0, 1, 0]⊕(5)[3, 1, 0, 1, 0]⊕[6, 0, 0, 0, 1]⊕
(4)[2, 0, 0, 1, 2]⊕ [0, 0, 1, 2, 1]⊕ (2)[0, 3, 0, 0, 1]⊕ (2)[3, 0, 0, 0, 3]⊕ [1, 1, 0, 0, 3]⊕ (6)[3, 0, 1, 0, 1]⊕
(4)[4, 1, 0, 0, 1]⊕(5)[1, 1, 1, 0, 1]⊕(4)[2, 2, 0, 0, 1]⊕(2)[3, 0, 0, 2, 1]⊕[1, 0, 2, 1, 0]⊕(3)[1, 1, 0, 2, 1]⊕
[0, 2, 1, 1, 0] ⊕ [5, 1, 0, 1, 0] ⊕ [1, 3, 0, 1, 0] ⊕ (2)[4, 0, 1, 1, 0] ⊕ [1, 0, 1, 1, 2] ⊕ [0, 2, 0, 1, 2] ⊕
[3, 2, 0, 1, 0] ⊕ (2)[4, 0, 0, 1, 2] ⊕ (3)[2, 1, 1, 1, 0] ⊕ [2, 0, 2, 0, 1] ⊕ (3)[2, 1, 0, 1, 2] ⊕ [2, 0, 1, 0, 3] ⊕
[5, 0, 1, 0, 1]⊕ [3, 1, 0, 0, 3]⊕ [1, 2, 1, 0, 1]⊕ (2)[3, 1, 1, 0, 1]
• Level-7: [0, 0, 0, 0, 0] ⊕ (2)[0, 1, 0, 0, 0] ⊕ [2, 0, 0, 0, 0] ⊕ (3)[0, 0, 0, 1, 1] ⊕ [4, 0, 0, 0, 0] ⊕
(3)[0, 2, 0, 0, 0] ⊕ (4)[1, 0, 1, 0, 0] ⊕ (3)[1, 0, 0, 2, 0] ⊕ (2)[1, 0, 0, 0, 2] ⊕ (3)[2, 1, 0, 0, 0] ⊕
(2)[0, 0, 2, 0, 0]⊕ [6, 0, 0, 0, 0]⊕ (6)[0, 1, 0, 1, 1]⊕ (2)[0, 0, 1, 2, 0]⊕ [0, 0, 1, 0, 2]⊕ (3)[0, 3, 0, 0, 0]⊕
(6)[2, 0, 0, 1, 1]⊕[0, 0, 0, 2, 2]⊕(3)[4, 1, 0, 0, 0]⊕(5)[3, 0, 1, 0, 0]⊕(4)[2, 2, 0, 0, 0]⊕(3)[3, 0, 0, 2, 0]⊕
(3)[3, 0, 0, 0, 2]⊕ (7)[1, 1, 1, 0, 0]⊕ (5)[1, 1, 0, 2, 0]⊕ (4)[1, 1, 0, 0, 2]⊕ [1, 0, 0, 3, 1]⊕ [1, 0, 0, 1, 3]⊕
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[0, 4, 0, 0, 0] ⊕ [0, 1, 2, 0, 0] ⊕ [6, 1, 0, 0, 0] ⊕ (5)[1, 0, 1, 1, 1] ⊕ (5)[0, 2, 0, 1, 1] ⊕ (5)[4, 0, 0, 1, 1] ⊕
(3)[5, 0, 1, 0, 0] ⊕ (3)[2, 0, 2, 0, 0] ⊕ [4, 2, 0, 0, 0] ⊕ [2, 3, 0, 0, 0] ⊕ [5, 0, 0, 2, 0] ⊕ (2)[5, 0, 0, 0, 2] ⊕
[0, 1, 1, 2, 0] ⊕ [0, 1, 1, 0, 2] ⊕ (9)[2, 1, 0, 1, 1] ⊕ (4)[1, 2, 1, 0, 0] ⊕ [0, 1, 0, 2, 2] ⊕ (2)[2, 0, 1, 2, 0] ⊕
(3)[2, 0, 1, 0, 2] ⊕ (5)[3, 1, 1, 0, 0] ⊕ (2)[1, 2, 0, 2, 0] ⊕ (3)[1, 2, 0, 0, 2] ⊕ (2)[2, 0, 0, 2, 2] ⊕
(2)[3, 1, 0, 2, 0] ⊕ (4)[3, 1, 0, 0, 2] ⊕ [6, 0, 0, 1, 1] ⊕ [0, 3, 0, 1, 1] ⊕ [3, 0, 0, 1, 3] ⊕ [1, 1, 0, 1, 3] ⊕
[4, 0, 2, 0, 0]⊕ (3)[3, 0, 1, 1, 1]⊕ (2)[1, 1, 1, 1, 1]⊕ (2)[4, 1, 0, 1, 1]⊕ (2)[2, 2, 0, 1, 1]⊕ [2, 1, 2, 0, 0]⊕
[4, 0, 1, 0, 2]⊕ [2, 1, 1, 0, 2]
• Level-8: (2)[0, 0, 0, 1, 0] ⊕ (3)[1, 0, 0, 0, 1] ⊕ (4)[0, 1, 0, 1, 0] ⊕ [0, 0, 0, 0, 3] ⊕ (3)[2, 0, 0, 1, 0] ⊕
(4)[0, 0, 1, 0, 1]⊕(2)[0, 0, 0, 2, 1]⊕(3)[3, 0, 0, 0, 1]⊕(6)[1, 1, 0, 0, 1]⊕[1, 0, 0, 3, 0]⊕(3)[4, 0, 0, 1, 0]⊕
(5)[0, 2, 0, 1, 0]⊕(6)[1, 0, 1, 1, 0]⊕(4)[1, 0, 0, 1, 2]⊕(7)[2, 1, 0, 1, 0]⊕[0, 1, 0, 0, 3]⊕(3)[5, 0, 0, 0, 1]⊕
[2, 0, 0, 0, 3]⊕ (5)[0, 1, 1, 0, 1]⊕ [0, 0, 2, 1, 0]⊕ (3)[0, 1, 0, 2, 1]⊕ (6)[2, 0, 1, 0, 1]⊕ (7)[1, 2, 0, 0, 1]⊕
(6)[3, 1, 0, 0, 1]⊕ (2)[6, 0, 0, 1, 0]⊕ (5)[2, 0, 0, 2, 1]⊕ [0, 0, 1, 1, 2]⊕ (3)[0, 3, 0, 1, 0]⊕ [3, 0, 0, 3, 0]⊕
[1, 1, 0, 3, 0]⊕ [7, 0, 0, 0, 1]⊕ (6)[3, 0, 1, 1, 0]⊕ (4)[4, 1, 0, 1, 0]⊕ (6)[1, 1, 1, 1, 0]⊕ (5)[2, 2, 0, 1, 0]⊕
(4)[3, 0, 0, 1, 2] ⊕ [1, 0, 2, 0, 1] ⊕ [0, 2, 0, 0, 3] ⊕ (5)[1, 1, 0, 1, 2] ⊕ [4, 0, 0, 0, 3] ⊕ (2)[0, 2, 1, 0, 1] ⊕
[1, 0, 0, 2, 3] ⊕ (2)[5, 1, 0, 0, 1] ⊕ (2)[1, 3, 0, 0, 1] ⊕ (4)[4, 0, 1, 0, 1] ⊕ [1, 0, 1, 2, 1] ⊕ [0, 2, 0, 2, 1] ⊕
[2, 1, 0, 0, 3]⊕ (2)[3, 2, 0, 0, 1]⊕ (2)[4, 0, 0, 2, 1]⊕ (5)[2, 1, 1, 0, 1]⊕ [2, 0, 2, 1, 0]⊕ (3)[2, 1, 0, 2, 1]⊕
[5, 0, 1, 1, 0] ⊕ [5, 0, 0, 1, 2] ⊕ [1, 2, 1, 1, 0] ⊕ [2, 0, 1, 1, 2] ⊕ (2)[3, 1, 1, 1, 0] ⊕ [1, 2, 0, 1, 2] ⊕
[3, 1, 0, 1, 2]⊕ [3, 0, 2, 0, 1]
• Level-9: [1, 0, 0, 0, 0] ⊕ (3)[0, 0, 1, 0, 0] ⊕ [0, 0, 0, 2, 0] ⊕ (2)[0, 0, 0, 0, 2] ⊕ [3, 0, 0, 0, 0] ⊕
(3)[1, 1, 0, 0, 0]⊕(5)[1, 0, 0, 1, 1]⊕[5, 0, 0, 0, 0]⊕(5)[0, 1, 1, 0, 0]⊕(2)[0, 1, 0, 2, 0]⊕(4)[0, 1, 0, 0, 2]⊕
(5)[2, 0, 1, 0, 0]⊕(4)[1, 2, 0, 0, 0]⊕(3)[3, 1, 0, 0, 0]⊕(3)[2, 0, 0, 2, 0]⊕(3)[2, 0, 0, 0, 2]⊕[0, 0, 0, 1, 3]⊕
[7, 0, 0, 0, 0]⊕(3)[0, 0, 1, 1, 1]⊕(3)[1, 0, 2, 0, 0]⊕(6)[3, 0, 0, 1, 1]⊕(2)[5, 1, 0, 0, 0]⊕(4)[0, 2, 1, 0, 0]⊕
(9)[1, 1, 0, 1, 1] ⊕ (3)[1, 3, 0, 0, 0] ⊕ (4)[4, 0, 1, 0, 0] ⊕ (2)[0, 2, 0, 2, 0] ⊕ (3)[0, 2, 0, 0, 2] ⊕
(2)[1, 0, 1, 2, 0] ⊕ (3)[1, 0, 1, 0, 2] ⊕ (3)[3, 2, 0, 0, 0] ⊕ (3)[4, 0, 0, 2, 0] ⊕ (2)[4, 0, 0, 0, 2] ⊕
(2)[1, 0, 0, 2, 2]⊕(7)[2, 1, 1, 0, 0]⊕(5)[2, 1, 0, 2, 0]⊕(4)[2, 1, 0, 0, 2]⊕[0, 1, 0, 1, 3]⊕(2)[0, 1, 1, 1, 1]⊕
(3)[5, 0, 0, 1, 1] ⊕ [2, 0, 0, 3, 1] ⊕ [2, 0, 0, 1, 3] ⊕ [6, 0, 1, 0, 0] ⊕ [0, 3, 1, 0, 0] ⊕ [6, 0, 0, 0, 2] ⊕
(5)[2, 0, 1, 1, 1]⊕ (2)[3, 0, 2, 0, 0]⊕ [0, 3, 0, 0, 2]⊕ [1, 1, 2, 0, 0]⊕ (5)[1, 2, 0, 1, 1]⊕ (6)[3, 1, 0, 1, 1]⊕
(2)[4, 1, 1, 0, 0] ⊕ (2)[2, 2, 1, 0, 0] ⊕ (2)[3, 0, 1, 2, 0] ⊕ [3, 0, 1, 0, 2] ⊕ [1, 1, 1, 2, 0] ⊕ [1, 1, 1, 0, 2] ⊕
[4, 1, 0, 2, 0]⊕[4, 1, 0, 0, 2]⊕[2, 2, 0, 2, 0]⊕[2, 2, 0, 0, 2]⊕[3, 0, 0, 2, 2]⊕[1, 1, 0, 2, 2]⊕[4, 0, 1, 1, 1]⊕
[2, 1, 1, 1, 1]
• Level-10: [0, 0, 0, 0, 1] ⊕ (2)[1, 0, 0, 1, 0] ⊕ (4)[0, 1, 0, 0, 1] ⊕ (3)[2, 0, 0, 0, 1] ⊕ (2)[0, 0, 1, 1, 0] ⊕
(2)[0, 0, 0, 1, 2] ⊕ (3)[3, 0, 0, 1, 0] ⊕ (5)[1, 1, 0, 1, 0] ⊕ (2)[1, 0, 0, 0, 3] ⊕ (2)[4, 0, 0, 0, 1] ⊕
(4)[0, 2, 0, 0, 1]⊕(6)[1, 0, 1, 0, 1]⊕(2)[1, 0, 0, 2, 1]⊕(6)[2, 1, 0, 0, 1]⊕(2)[5, 0, 0, 1, 0]⊕[2, 0, 0, 3, 0]⊕
(3)[0, 1, 1, 1, 0]⊕ [0, 0, 1, 0, 3]⊕ [0, 0, 2, 0, 1]⊕ (3)[0, 1, 0, 1, 2]⊕ (6)[2, 0, 1, 1, 0]⊕ (5)[1, 2, 0, 1, 0]⊕
(6)[3, 1, 0, 1, 0]⊕ [6, 0, 0, 0, 1]⊕ (4)[2, 0, 0, 1, 2]⊕ (2)[0, 3, 0, 0, 1]⊕ [1, 1, 0, 0, 3]⊕ (4)[3, 0, 1, 0, 1]⊕
(3)[4, 1, 0, 0, 1]⊕(5)[1, 1, 1, 0, 1]⊕(4)[2, 2, 0, 0, 1]⊕(4)[3, 0, 0, 2, 1]⊕[1, 0, 2, 1, 0]⊕(3)[1, 1, 0, 2, 1]⊕
[4, 0, 0, 3, 0] ⊕ [0, 2, 1, 1, 0] ⊕ [5, 1, 0, 1, 0] ⊕ [1, 3, 0, 1, 0] ⊕ (3)[4, 0, 1, 1, 0] ⊕ [1, 0, 1, 1, 2] ⊕
[0, 2, 0, 1, 2] ⊕ [2, 1, 0, 3, 0] ⊕ (2)[3, 2, 0, 1, 0] ⊕ [4, 0, 0, 1, 2] ⊕ (4)[2, 1, 1, 1, 0] ⊕ (2)[2, 1, 0, 1, 2] ⊕
[5, 0, 1, 0, 1]⊕ [1, 2, 1, 0, 1]⊕ [2, 0, 1, 2, 1]⊕ [3, 1, 1, 0, 1]⊕ [3, 1, 0, 2, 1]
• Level-11: [0, 1, 0, 0, 0] ⊕ [2, 0, 0, 0, 0] ⊕ [0, 0, 0, 1, 1] ⊕ [4, 0, 0, 0, 0] ⊕ (2)[0, 2, 0, 0, 0] ⊕
(3)[1, 0, 1, 0, 0] ⊕ [1, 0, 0, 2, 0] ⊕ (3)[1, 0, 0, 0, 2] ⊕ (3)[2, 1, 0, 0, 0] ⊕ [0, 0, 0, 0, 4] ⊕ [0, 0, 2, 0, 0] ⊕
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(3)[0, 1, 0, 1, 1]⊕(2)[0, 0, 1, 0, 2]⊕[0, 3, 0, 0, 0]⊕(5)[2, 0, 0, 1, 1]⊕(2)[4, 1, 0, 0, 0]⊕(4)[3, 0, 1, 0, 0]⊕
(3)[2, 2, 0, 0, 0] ⊕ (3)[3, 0, 0, 2, 0] ⊕ (2)[3, 0, 0, 0, 2] ⊕ (5)[1, 1, 1, 0, 0] ⊕ (2)[1, 1, 0, 2, 0] ⊕
(4)[1, 1, 0, 0, 2]⊕ [1, 0, 0, 1, 3]⊕ [0, 1, 2, 0, 0]⊕ (3)[1, 0, 1, 1, 1]⊕ (2)[0, 2, 0, 1, 1]⊕ (3)[4, 0, 0, 1, 1]⊕
[5, 0, 1, 0, 0] ⊕ (2)[2, 0, 2, 0, 0] ⊕ [4, 2, 0, 0, 0] ⊕ [2, 3, 0, 0, 0] ⊕ [5, 0, 0, 2, 0] ⊕ [0, 1, 1, 0, 2] ⊕
(6)[2, 1, 0, 1, 1]⊕ (2)[1, 2, 1, 0, 0]⊕ (2)[2, 0, 1, 2, 0]⊕ [2, 0, 1, 0, 2]⊕ (3)[3, 1, 1, 0, 0]⊕ [1, 2, 0, 2, 0]⊕
[1, 2, 0, 0, 2] ⊕ [2, 0, 0, 2, 2] ⊕ (3)[3, 1, 0, 2, 0] ⊕ [3, 1, 0, 0, 2] ⊕ [3, 0, 0, 3, 1] ⊕ [3, 0, 1, 1, 1] ⊕
[1, 1, 1, 1, 1]⊕ [4, 1, 0, 1, 1]⊕ [2, 2, 0, 1, 1]
• Level-12: [1, 0, 0, 0, 1] ⊕ [0, 1, 0, 1, 0] ⊕ [0, 0, 0, 0, 3] ⊕ (2)[2, 0, 0, 1, 0] ⊕ [0, 0, 1, 0, 1] ⊕
(3)[3, 0, 0, 0, 1]⊕(4)[1, 1, 0, 0, 1]⊕(2)[4, 0, 0, 1, 0]⊕[0, 2, 0, 1, 0]⊕(2)[1, 0, 1, 1, 0]⊕(2)[1, 0, 0, 1, 2]⊕
(4)[2, 1, 0, 1, 0]⊕ [0, 1, 0, 0, 3]⊕ [2, 0, 0, 0, 3]⊕ (2)[0, 1, 1, 0, 1]⊕ (4)[2, 0, 1, 0, 1]⊕ (2)[1, 2, 0, 0, 1]⊕
(3)[3, 1, 0, 0, 1]⊕(2)[2, 0, 0, 2, 1]⊕[3, 0, 0, 3, 0]⊕(3)[3, 0, 1, 1, 0]⊕(2)[4, 1, 0, 1, 0]⊕(2)[1, 1, 1, 1, 0]⊕
(2)[2, 2, 0, 1, 0] ⊕ [3, 0, 0, 1, 2] ⊕ [1, 0, 2, 0, 1] ⊕ [1, 1, 0, 1, 2] ⊕ [3, 2, 0, 0, 1] ⊕ [4, 0, 0, 2, 1] ⊕
[2, 1, 1, 0, 1]⊕ [2, 1, 0, 2, 1]
• Level-13: [3, 0, 0, 0, 0]⊕ [1, 1, 0, 0, 0]⊕ [1, 0, 0, 1, 1]⊕ [0, 1, 1, 0, 0]⊕ [0, 1, 0, 0, 2]⊕(3)[2, 0, 1, 0, 0]⊕
[1, 2, 0, 0, 0] ⊕ (2)[3, 1, 0, 0, 0] ⊕ [2, 0, 0, 2, 0] ⊕ (2)[2, 0, 0, 0, 2] ⊕ [1, 0, 2, 0, 0] ⊕ (3)[3, 0, 0, 1, 1] ⊕
(2)[1, 1, 0, 1, 1] ⊕ [4, 0, 1, 0, 0] ⊕ [1, 0, 1, 0, 2] ⊕ [3, 2, 0, 0, 0] ⊕ [4, 0, 0, 2, 0] ⊕ (2)[2, 1, 1, 0, 0] ⊕
[2, 1, 0, 2, 0]⊕ [2, 1, 0, 0, 2]⊕ [2, 0, 1, 1, 1]⊕ [3, 1, 0, 1, 1]
• Level-14: [2, 0, 0, 0, 1] ⊕ (2)[3, 0, 0, 1, 0] ⊕ [1, 1, 0, 1, 0] ⊕ [4, 0, 0, 0, 1] ⊕ [1, 0, 1, 0, 1] ⊕
(2)[2, 1, 0, 0, 1]⊕ [2, 0, 1, 1, 0]⊕ [3, 1, 0, 1, 0]⊕ [2, 0, 0, 1, 2]⊕ [3, 0, 1, 0, 1]
• Level-15: [4, 0, 0, 0, 0]⊕ [2, 1, 0, 0, 0]⊕ [2, 0, 0, 1, 1]⊕ [3, 0, 1, 0, 0]⊕ [3, 0, 0, 0, 2]
• Level-16: [3, 0, 0, 0, 1]
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B.4 Dynkin Label Library of V[4,0,0,0,0]
• Level-0: [4, 0, 0, 0, 0]
• Level-1: [3, 0, 0, 0, 1]⊕ [4, 0, 0, 1, 0]
• Level-2: [2, 0, 1, 0, 0]⊕ [3, 1, 0, 0, 0]⊕ [3, 0, 0, 1, 1]⊕ [4, 0, 1, 0, 0]
• Level-3: [3, 0, 0, 1, 0] ⊕ [1, 1, 0, 1, 0] ⊕ [4, 0, 0, 0, 1] ⊕ [2, 1, 0, 0, 1] ⊕ [2, 0, 1, 1, 0] ⊕ [3, 1, 0, 1, 0] ⊕
[3, 0, 1, 0, 1]⊕ [4, 1, 0, 0, 1]
• Level-4: [4, 0, 0, 0, 0] ⊕ [0, 2, 0, 0, 0] ⊕ [1, 0, 0, 2, 0] ⊕ [2, 1, 0, 0, 0] ⊕ [2, 0, 0, 1, 1] ⊕ [4, 1, 0, 0, 0] ⊕
[3, 0, 1, 0, 0]⊕[2, 2, 0, 0, 0]⊕[3, 0, 0, 2, 0]⊕[3, 0, 0, 0, 2]⊕[1, 1, 1, 0, 0]⊕[1, 1, 0, 2, 0]⊕[4, 0, 0, 1, 1]⊕
[2, 0, 2, 0, 0]⊕ [4, 2, 0, 0, 0]⊕ [5, 0, 0, 0, 2]⊕ [2, 1, 0, 1, 1]⊕ [3, 1, 1, 0, 0]⊕ [3, 1, 0, 0, 2]
• Level-5: [0, 1, 0, 1, 0] ⊕ [2, 0, 0, 1, 0] ⊕ [3, 0, 0, 0, 1] ⊕ [1, 1, 0, 0, 1] ⊕ [1, 0, 0, 3, 0] ⊕ [4, 0, 0, 1, 0] ⊕
[0, 2, 0, 1, 0] ⊕ [1, 0, 1, 1, 0] ⊕ (2)[2, 1, 0, 1, 0] ⊕ [5, 0, 0, 0, 1] ⊕ [2, 0, 1, 0, 1] ⊕ [1, 2, 0, 0, 1] ⊕
(2)[3, 1, 0, 0, 1] ⊕ [2, 0, 0, 2, 1] ⊕ [3, 0, 1, 1, 0] ⊕ [4, 1, 0, 1, 0] ⊕ [1, 1, 1, 1, 0] ⊕ [2, 2, 0, 1, 0] ⊕
[3, 0, 0, 1, 2]⊕ [4, 0, 0, 0, 3]⊕ [5, 1, 0, 0, 1]⊕ [4, 0, 1, 0, 1]⊕ [3, 2, 0, 0, 1]⊕ [2, 1, 1, 0, 1]
• Level-6: [0, 0, 1, 0, 0]⊕ [1, 1, 0, 0, 0]⊕ [1, 0, 0, 1, 1]⊕ [0, 1, 1, 0, 0]⊕ [0, 1, 0, 2, 0]⊕ (2)[2, 0, 1, 0, 0]⊕
[1, 2, 0, 0, 0] ⊕ [3, 1, 0, 0, 0] ⊕ [2, 0, 0, 2, 0] ⊕ (2)[3, 0, 0, 1, 1] ⊕ [5, 1, 0, 0, 0] ⊕ [0, 2, 1, 0, 0] ⊕
(2)[1, 1, 0, 1, 1] ⊕ [1, 3, 0, 0, 0] ⊕ (2)[4, 0, 1, 0, 0] ⊕ [1, 0, 1, 2, 0] ⊕ [3, 2, 0, 0, 0] ⊕ [4, 0, 0, 0, 2] ⊕
(2)[2, 1, 1, 0, 0] ⊕ [2, 1, 0, 2, 0] ⊕ [2, 1, 0, 0, 2] ⊕ [5, 0, 0, 1, 1] ⊕ [6, 0, 1, 0, 0] ⊕ [2, 0, 1, 1, 1] ⊕
[1, 2, 0, 1, 1]⊕ (2)[3, 1, 0, 1, 1]⊕ [4, 1, 1, 0, 0]⊕ [2, 2, 1, 0, 0]⊕ [3, 0, 1, 0, 2]⊕ [4, 1, 0, 0, 2]
• Level-7: [0, 0, 0, 0, 1] ⊕ [1, 0, 0, 1, 0] ⊕ [0, 1, 0, 0, 1] ⊕ [2, 0, 0, 0, 1] ⊕ [0, 0, 1, 1, 0] ⊕ [3, 0, 0, 1, 0] ⊕
(2)[1, 1, 0, 1, 0] ⊕ [4, 0, 0, 0, 1] ⊕ [0, 2, 0, 0, 1] ⊕ [1, 0, 1, 0, 1] ⊕ [1, 0, 0, 2, 1] ⊕ (2)[2, 1, 0, 0, 1] ⊕
[5, 0, 0, 1, 0] ⊕ [0, 1, 1, 1, 0] ⊕ (2)[2, 0, 1, 1, 0] ⊕ (2)[1, 2, 0, 1, 0] ⊕ (2)[3, 1, 0, 1, 0] ⊕ [6, 0, 0, 0, 1] ⊕
[2, 0, 0, 1, 2] ⊕ [0, 3, 0, 0, 1] ⊕ [7, 0, 0, 1, 0] ⊕ (2)[3, 0, 1, 0, 1] ⊕ (2)[4, 1, 0, 0, 1] ⊕ [1, 1, 1, 0, 1] ⊕
(2)[2, 2, 0, 0, 1] ⊕ [3, 0, 0, 2, 1] ⊕ [1, 1, 0, 2, 1] ⊕ [5, 1, 0, 1, 0] ⊕ [1, 3, 0, 1, 0] ⊕ [4, 0, 1, 1, 0] ⊕
[3, 2, 0, 1, 0]⊕ [4, 0, 0, 1, 2]⊕ [2, 1, 1, 1, 0]⊕ [2, 1, 0, 1, 2]⊕ [5, 0, 1, 0, 1]⊕ [3, 1, 1, 0, 1]
• Level-8: [0, 0, 0, 0, 0] ⊕ [0, 1, 0, 0, 0] ⊕ [2, 0, 0, 0, 0] ⊕ [0, 0, 0, 1, 1] ⊕ [4, 0, 0, 0, 0] ⊕ [0, 2, 0, 0, 0] ⊕
[1, 0, 1, 0, 0]⊕[1, 0, 0, 2, 0]⊕[1, 0, 0, 0, 2]⊕[2, 1, 0, 0, 0]⊕[0, 0, 2, 0, 0]⊕[6, 0, 0, 0, 0]⊕[0, 1, 0, 1, 1]⊕
[0, 3, 0, 0, 0] ⊕ (2)[2, 0, 0, 1, 1] ⊕ [4, 1, 0, 0, 0] ⊕ [3, 0, 1, 0, 0] ⊕ (2)[2, 2, 0, 0, 0] ⊕ [3, 0, 0, 2, 0] ⊕
[3, 0, 0, 0, 2] ⊕ (2)[1, 1, 1, 0, 0] ⊕ [8, 0, 0, 0, 0] ⊕ [1, 1, 0, 2, 0] ⊕ [1, 1, 0, 0, 2] ⊕ [0, 4, 0, 0, 0] ⊕
[6, 1, 0, 0, 0] ⊕ [1, 0, 1, 1, 1] ⊕ [0, 2, 0, 1, 1] ⊕ (2)[4, 0, 0, 1, 1] ⊕ [5, 0, 1, 0, 0] ⊕ [2, 0, 2, 0, 0] ⊕
[4, 2, 0, 0, 0] ⊕ [2, 3, 0, 0, 0] ⊕ [5, 0, 0, 2, 0] ⊕ [5, 0, 0, 0, 2] ⊕ (3)[2, 1, 0, 1, 1] ⊕ [1, 2, 1, 0, 0] ⊕
(2)[3, 1, 1, 0, 0] ⊕ [1, 2, 0, 2, 0] ⊕ [1, 2, 0, 0, 2] ⊕ [2, 0, 0, 2, 2] ⊕ [3, 1, 0, 2, 0] ⊕ [3, 1, 0, 0, 2] ⊕
[6, 0, 0, 1, 1]⊕ [4, 0, 2, 0, 0]⊕ [3, 0, 1, 1, 1]⊕ [4, 1, 0, 1, 1]⊕ [2, 2, 0, 1, 1]
• Level-9: [0, 0, 0, 1, 0] ⊕ [1, 0, 0, 0, 1] ⊕ [0, 1, 0, 1, 0] ⊕ [2, 0, 0, 1, 0] ⊕ [0, 0, 1, 0, 1] ⊕ [3, 0, 0, 0, 1] ⊕
(2)[1, 1, 0, 0, 1] ⊕ [4, 0, 0, 1, 0] ⊕ [0, 2, 0, 1, 0] ⊕ [1, 0, 1, 1, 0] ⊕ [1, 0, 0, 1, 2] ⊕ (2)[2, 1, 0, 1, 0] ⊕
[5, 0, 0, 0, 1] ⊕ [0, 1, 1, 0, 1] ⊕ (2)[2, 0, 1, 0, 1] ⊕ (2)[1, 2, 0, 0, 1] ⊕ (2)[3, 1, 0, 0, 1] ⊕ [6, 0, 0, 1, 0] ⊕
[2, 0, 0, 2, 1] ⊕ [0, 3, 0, 1, 0] ⊕ [7, 0, 0, 0, 1] ⊕ (2)[3, 0, 1, 1, 0] ⊕ (2)[4, 1, 0, 1, 0] ⊕ [1, 1, 1, 1, 0] ⊕
(2)[2, 2, 0, 1, 0] ⊕ [3, 0, 0, 1, 2] ⊕ [1, 1, 0, 1, 2] ⊕ [5, 1, 0, 0, 1] ⊕ [1, 3, 0, 0, 1] ⊕ [4, 0, 1, 0, 1] ⊕
[3, 2, 0, 0, 1]⊕ [4, 0, 0, 2, 1]⊕ [2, 1, 1, 0, 1]⊕ [2, 1, 0, 2, 1]⊕ [5, 0, 1, 1, 0]⊕ [3, 1, 1, 1, 0]
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• Level-10: [0, 0, 1, 0, 0]⊕ [1, 1, 0, 0, 0]⊕ [1, 0, 0, 1, 1]⊕ [0, 1, 1, 0, 0]⊕ [0, 1, 0, 0, 2]⊕(2)[2, 0, 1, 0, 0]⊕
[1, 2, 0, 0, 0] ⊕ [3, 1, 0, 0, 0] ⊕ [2, 0, 0, 0, 2] ⊕ (2)[3, 0, 0, 1, 1] ⊕ [5, 1, 0, 0, 0] ⊕ [0, 2, 1, 0, 0] ⊕
(2)[1, 1, 0, 1, 1] ⊕ [1, 3, 0, 0, 0] ⊕ (2)[4, 0, 1, 0, 0] ⊕ [1, 0, 1, 0, 2] ⊕ [3, 2, 0, 0, 0] ⊕ [4, 0, 0, 2, 0] ⊕
(2)[2, 1, 1, 0, 0] ⊕ [2, 1, 0, 2, 0] ⊕ [2, 1, 0, 0, 2] ⊕ [5, 0, 0, 1, 1] ⊕ [6, 0, 1, 0, 0] ⊕ [2, 0, 1, 1, 1] ⊕
[1, 2, 0, 1, 1]⊕ (2)[3, 1, 0, 1, 1]⊕ [4, 1, 1, 0, 0]⊕ [2, 2, 1, 0, 0]⊕ [3, 0, 1, 2, 0]⊕ [4, 1, 0, 2, 0]
• Level-11: [0, 1, 0, 0, 1]⊕ [2, 0, 0, 0, 1]⊕ [3, 0, 0, 1, 0]⊕ [1, 1, 0, 1, 0]⊕ [1, 0, 0, 0, 3]⊕ [4, 0, 0, 0, 1]⊕
[0, 2, 0, 0, 1] ⊕ [1, 0, 1, 0, 1] ⊕ (2)[2, 1, 0, 0, 1] ⊕ [5, 0, 0, 1, 0] ⊕ [2, 0, 1, 1, 0] ⊕ [1, 2, 0, 1, 0] ⊕
(2)[3, 1, 0, 1, 0] ⊕ [2, 0, 0, 1, 2] ⊕ [3, 0, 1, 0, 1] ⊕ [4, 1, 0, 0, 1] ⊕ [1, 1, 1, 0, 1] ⊕ [2, 2, 0, 0, 1] ⊕
[3, 0, 0, 2, 1]⊕ [4, 0, 0, 3, 0]⊕ [5, 1, 0, 1, 0]⊕ [4, 0, 1, 1, 0]⊕ [3, 2, 0, 1, 0]⊕ [2, 1, 1, 1, 0]
• Level-12: [4, 0, 0, 0, 0]⊕ [0, 2, 0, 0, 0]⊕ [1, 0, 0, 0, 2]⊕ [2, 1, 0, 0, 0]⊕ [2, 0, 0, 1, 1]⊕ [4, 1, 0, 0, 0]⊕
[3, 0, 1, 0, 0]⊕[2, 2, 0, 0, 0]⊕[3, 0, 0, 2, 0]⊕[3, 0, 0, 0, 2]⊕[1, 1, 1, 0, 0]⊕[1, 1, 0, 0, 2]⊕[4, 0, 0, 1, 1]⊕
[2, 0, 2, 0, 0]⊕ [4, 2, 0, 0, 0]⊕ [5, 0, 0, 2, 0]⊕ [2, 1, 0, 1, 1]⊕ [3, 1, 1, 0, 0]⊕ [3, 1, 0, 2, 0]
• Level-13: [3, 0, 0, 0, 1]⊕ [1, 1, 0, 0, 1]⊕ [4, 0, 0, 1, 0]⊕ [2, 1, 0, 1, 0]⊕ [2, 0, 1, 0, 1]⊕ [3, 1, 0, 0, 1]⊕
[3, 0, 1, 1, 0]⊕ [4, 1, 0, 1, 0]
• Level-14: [2, 0, 1, 0, 0]⊕ [3, 1, 0, 0, 0]⊕ [3, 0, 0, 1, 1]⊕ [4, 0, 1, 0, 0]
• Level-15: [3, 0, 0, 1, 0]⊕ [4, 0, 0, 0, 1]
• Level-16: [4, 0, 0, 0, 0]
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